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Abstract

We propose a sequential learning policy for ranking and selection problems, where we use
a non-parametric procedure for estimating the value of a policy. Our estimation approach
aggregates over a set of kernel functions in order to achieve a more consistent estimator. Each
element in the kernel estimation set uses a different bandwidth to achieve better aggregation.
The final estimate uses a weighting scheme with the inverse mean square errors of the kernel
estimators as weights. This weighting scheme is shown to be optimal under independent kernel
estimators. For choosing the measurement, we employ the knowledge gradient method, a myopic
policy that relies on predictive distributions to calculate the optimal sampling point. Our
method allows a setting where the beliefs are expected to be correlated but the correlation
structure is unknown beforehand. This is an extension of the known knowledge gradient with

correlated beliefs. Moreover, the proposed policy is asymptotically optimal.

1 Introduction

We consider the problem of maximizing an unknown function over a finite set of possible alter-
natives. Our method can theoretically handle any number of finite alternatives but computational

requirements limit this number to be on the order of thousands. We make sequential measurements



from the function, obtain noisy measurements and these measurements will be used to estimate
the true values of the function. Our method does not need any assumptions about the structure
of the function such as concavity or Lipschitz continuity but it makes use of the fact that if two
alternatives are close to each other, their values should be similar too, a property that will arise
when using continous functions. We use a Bayesian framework and start by assuming we have a
prior distribution of belief about the values of the function.

This problem arises in an off-line setting, where it is known as the ranking and selection problem,
and an on-line setting, where it is known as the multi armed bandit problem. Each alternative x has
a reward associated with it, and we are asked to choose one from them. However, the measurements
are often noisy and obtaining them could be expensive. For instance, consider a simulator for a
queueing model with many inputs. Often, these simulators have very long run times and noisy
results. This limits the number of different policies that can be tried in a given time, therefore
finding the optimum quickly becomes a major concern as well.

Other examples of ranking and selection where a nonparametric belief model might apply include:

o Policy optimization for energy storage. Energy producers have to adjust the amount of energy
to produce in a day to match the demand. They frequently run into the problem of over
producing or underproducing energy in a day. We face the problem of tuning a parametrized

policy on the basis of noisy measurements.

o Design of fuel cells - A fuel cell is parameterized by design parameters such as the size of the
plate used for the anode or the cathode, the distance between the plates, and the concentration
of the solution. These need to be tuned in a laboratory setting, requiring time and money for

each experiment.

o Simulation optimization. The area of simulation optimization deals with optimizing functions
where the function is a black box, that is, not much about the function’s structure is known.
Also, in most cases, evaluation from the black box take a significant amount of time, therefore

a fast rate of convergence is needed.



Although the ranking and selection problem has been extensively studied, most of the previous
work concentrates on problems where beliefs about the alternatives are independent (Nelson et
al., 2001). Even when the measurements are used to update the global estimate, the benefit of
learning more about the rest of the curve is not often considered in the decision making part.
However, whether it is the parameters for a queueing simulator or commitment levels in an energy
model, the values of nearby measurements will be similar. In other words, alternatives close to each
other will exhibit correlated beliefs. There is a small literature that can handle correlated beliefs;
Frazier et al. (2009) makes significant use of the covariance structure for decision making, Huang
et al. (2006) fit a Gaussian process which also has its own correlation structure. A recent paper by
Villemonteix et. al. (2009), introduces entropy minimization based methods for Gaussian Processes.
Other examples include various meta-models, where the statistical fitting procedure imposes its own
covariance structure (Barton and Meckesheimer, 2006).

The optimization of noisy functions, broadly referred to as stochastic search, has been studied
thoroughly since the seminal paper by Robbins and Monro (1951) which introduces the idea of
stochastic gradient algorithms. Spall (2003) has an extensive coverage of the literature for stochastic
search methods.

Optimal learning methods approach the problem in a different way and consider the value of
information from each measurement. Function evaluations for optimal learning are made in a
smarter way to achieve better convergence rates. There are a variety of algorithms for both discrete
and continuous settings. When the alternatives are discrete, various heuristics such as interval
estimation, epsilon-greedy exploration and Boltzmann exploration can be used (Sutton and Barto
1998, Powell 2007). Gupta and Miescke (1996) introduces the idea of making measurements based
on the marginal value of information under the name (R, ..., R;) policy. Frazier et al. (2008) extend
this idea under the name knowledge gradient using a Bayesian approach and estimates the value of
measuring an alternative by the predictive distributions of the means. The knowledge gradient is
extended to handle correlations among the alternatives in Frazier et al. (2009).

When the alternatives are continuous, commonly used methods are gradient estimation (Spall,
2003, Fu, 2006), meta-model methods such as response surface methods (Barton and Meckesheimer,
2006), and a series of heuristics such as tabu search and genetic algorithms (Olafsson, 2006). Gra-

dient estimation deals with estimating the gradient of the function in a noisy setting, and using



the gradient as a direction of steepest descent. Meta-model heuristics, a class of methods also
called Response Surface Methodology (RSM), date back to Cochran and Cox, 1957. It works in two
phases. In the initial phase, RSM measures the alternatives in a way to fit a linear regression model
which gives an ascent direction for a maximization problem. The maximum point of this quadratic
fit is approximated to be the optimal. There are various extensions of RSM, which uses different
polynomials in either of the phases (Barton and Meckesheimer, 2006).

Recently, there is a growing trend in learning problems where the underlying process has a
given structure. Weber and Chehrazi (2010) consider a problem where they maximize over a known
function whose parameters depend on an unknown monotone function. Their method is suitable for
economic problems where demand or supply curves will most likely have this structure. They make
use of B-splines as they are well suited to monotonicity constraints. However, their method cannot
be extended to alternatives in two or more dimensions and they do not propose a well structured
algorithm for their sequential measurement choices.

In the online learning setting with discrete alternatives, the optimal policy is given in Gittins
and Jones (1974) and Gittins (1979). Unfortunately, although their policy is optimal, their deci-
sion making formula requires solving for a constant dependant on the problem setting. Numerical
approximations for the Gittins index is proposed in Chick and Gans (2009). The online learning
problem with continuous decisions have also been studied under various names. Agrawal (1995) has
first introduced the continuum armed bandit problem and has come up with an algorithm which
makes use of kernels to estimate nearby points with upper bounds on regret. Tighter bounds on
regret have been obtained by Kleinberg (2005). The response surface bandit problem, introduced
by Ginebra and Clayton (1995), considers a similar problem but assumes a polynomial structure
in the rewards. They fit a quadratic surface to the rewards and use interval estimation methods.
A recent paper by Ryzhov and Powell (2010), introduce one-step ahead policies for online learning
problems, more detail about their algorithm is given in Section 4.2.

We deal with an offline learning setting where the beliefs are correlated. We make use of the
knowledge gradient with correlated beliefs introduced by Frazier et. al. (2009). This method which
uses a lookup table belief structure is explained in detail in section 4.1. We use a version of this
knowledge gradient policy although we implement a more sophisticated estimation procedure based

on aggregation of kernels. Our approach is a general case of the method proposed by Mes et. al.



(2011), where the estimators are hierarchical aggregates of the values. Our policy can also be seen as
an extension of the knowledge gradient from linear beliefs (Negoescu et al., 2011) to non-parametric

beliefs.

This paper makes the following contributions: (1) We propose a sequential Bayesian learning
method that aggregates a set of estimators. (2) We construct a framework for knowledge gradi-
ent with correlated beliefs where non-parametric estimation methods can be used. (3) We show
experimentally that our method is competitive and enjoys high convergence rates.

We first introduce our model in section 2. In section 3, we describe our kernel estimation
methods, which uses a dictionary of bandwidths to circumvent the bandwidth optimization problem.
In section 4, we derive the knowledge gradient for this model. In section 5, we present an asymptotic
convergence proof. A demonstration of our algorithm is given in section 6 and we propose an
extension of our policy in section 7. Finally in section 8 we numerically compare our algorithm to

other offline learning methods and present our numerical results.

2 Model

We denote the unknown function u(z) : X — R, where X C R? is a finite set with M many
elements, in other words X = {z1,..., 7y} where z; € R%. With an abuse of notation, we also use
g for p(xz). We make sequential measurements from g, at time steps n € Ny. At time n, after we

decide to measure pizn = pu (™) and we observe

yrtt = e + et
where the sampling error e?! is assumed to have a normal distribution with zero mean and known
variance )\, and is assumed to be independent for each time step. That is, e?*! ~ A(0, \;). For
the sake of simplicity, we sometimes use 35 = A\, ! to denote the precision of the measurement.
We let the filtration F™ be the sigma-algebra generated by {xo, y}co, . ,x"il,ygn_l } As the
decisions are made progressively, the decision at time n, x", will depend on the outcomes of the

previous samples. In other words, ™ is an F"-measurable random variable.



We let E [o| F"] = E" [¢] be the conditional expectation with respect to F". We use u} = E" [uy]

to indicate our estimate for u, at time step n.

We assunie that we have a Gaussian prior on the value of u, that is,
p~ N (W0, =)

Our goal is to find the optimum point in an offline learning setting. For offline learning, we
consider the case where we are allowed to make N measurements before making our final decision
at time step n = N, when we choose

N N
x” = argmaxp, .
g max Ha

We denote by II the set of admissible measurement policies. The problem of finding the best

policy can be written as,

sup E™ maxuiv ,
Tell TeEX

where E™ denotes the expectation taken over possible outcomes when the policy m € II is used.

For the online learning problems, we obtain the reward as we measure and alternative, therefore,

the problem of finding the best policy is,

sup E™
mell

N
> WRM:E”] :
n=0

where v, the discount factor is between 0 and 1 and N is the horizon of the problem. If v is strictly

smaller than 1, N can also be taken as infinity.

3 Estimation of 1,

We propose a method that aggregates from a set of different kernel estimation methods denoted
K. By different kernel estimation methods, we imply that the elements kg, k1,....kx € K, use
different estimation methods (Nadaraya-Watson vs. higher order polynomial regression) and/or
different bandwidths. This allows us to have a range of estimators that utilize different bandwidths.

For any k; € IC, the estimate for u, at time n is denoted by ,uﬁln With an abuse of notation, we



also use p5" to denote pf™; similarly we will use K; to denote Kj . We let 3™ to be the sample

mean estimate for p,, which may simply be the prior if there are no observations at x. Furthermore,
although our method can be used with any non-parametric estimation method that uses linearly
weighted sample averages (local linear estimation, Nadaraya-Watson, Gasser-Muller etc.), for the
sake of simplicity and ease of presentation we work with the Nadaraya-Watson estimator. That is

the estimate using kernel k; is given by

0,
Z{Z‘/EX KZ(x’ x/)ux’n
Ywex Ki(z,2')

nwn __
Ky =

All of results can trivially be generalized to other weighted estimation methods.
The main estimate for u, at time n is formed by weighting these estimation methods. The
weights are both iteration and state-dependent, and we denote each weight by wfgn, producing the

estimator

Aggregating different estimates to obtain an overall estimate has been studied rigorously in the
statistics community under the name model selection type aggregation (Juditsky and Nemirovski
2000, Bunea and Nobel 2008) and under the name boosting in the machine learning community
(Freund and Schapire, 1995) However, the focus is either prediction or estimation in both of these
literatures. Juditsky and Nemirovski (2000) propose a stochastic gradient algorithm which is used
to decrase the estimation error ||p — p"||,, Bunea and Nobel (2008) tackle the same problem by
using sequentially determined weights. Finally, Freund and Schapire’s boosting algorithm (1995)
uses a reweighted aggregation scheme to increase the accuracy of prediction.

Before introducing the weights we use, we make two assumptions regarding our estimation
procedures. We also note that our method can be used with any set of weights and the convergence

results still hold if these weights go to zero for biased estimators.

o Zz’ex Kl‘($,1’l)ﬂzl

Assumption 1. For a given kernel k; € IC, we assume the value of the estimate p!, = S Kz

is distributed by put ~ N (uw, V;), where V. is the variance of (u:ft — ul.) under our prior belief.

We note that this assumption fails for p, which are local minima or local maxima, as kernel



estimates for these points will be strictly larger (or smaller) than the true value of the alternative.
However, this assumption is necessary for implementing a Bayesian learning method that uses non-
parametric estimation. Furthermore, as it will be shown in section 5, our policy measures all of
the alternatives infinitely often (even if this assumption does not hold) and also our estimator’s
bandwidth goes to 0. It is a very well known fact that under these conditions, the kernel estimators
will recover the true values and the effect of the bias will decline as the sample size increases.
Assumption 2. (u; — ux) 1s distributed independently from (,ug — ,ux) where ki, ki € K and i #1i'.
Although this assumption fails when we are using kernels of different bandwidths (as two kernels
with different bandwidths use the same set of observed values for the interval of the smaller band-

width), we can get rid of this assumption by having kernel estimators that do not have overlapping

bandwidths. Unfortunately, that is not practical and these kernels have slower rates of convergence.

These assumptions give us weights that are inversely proportional to the estimators’ mean square

errors as Proposition 1 shows (proof is given in the Appendix).

Proposition 1. Under Assumptions 1 and 2, the posterior belief on u, given observations up to

time n, is normally distributed with mean and precision given by,

1 . S .
b= | B+ 3 (@) ) |
x ke

B =80+ D (o) + i)

ke

With Proposition 3, we use the weights

i (@)

B S (A E A

, (1)

w

N2 . . , 2 .
where (ai’") = Var(uz"|F") and vz" = (Bias(u?g”L’F“)) = (E"[uz" — pe))?

To summarize, after weighting each of our kernel estimators puy" by wy", our estimates for ju,



at time n will be given by,

n __ n, 1,n
Mg = Z Wy My
ki€

SN e b v 0
k€K (Zki,eic((ag’ny + V:i:l7n)_1> (Zj]\/il ﬁgKi(xvij

3.1 Updating Equations for

n+1

At time n, we measure z" and observe y.

and under our setting we update the base level

estimates (denoted by ko € K)

R TR A N

Bt =57 + 6

15" is not updated unless K;(z, z,) > 0. If K;(z,2,) > 0,

int+l _ D oerex ﬂg/HKi(x,x’)(x’o’”)

T e K w)

_ Zr’#mn Lo K (z, 1’,)(5?,0’”) + Ki(x, xn)(ﬂgu%n + g;ygjl)
- S prex Byt K, 2) '

The weights are given by,

in (05" + ")~

S S (D LR A R

w

Assuming independence among the estimates of different estimation methods (which is also

assumed in Assumption 2), we can use

Ywex(BpKi(z,2")Var (2"0) _ ¥cx B ki(e,a')?
(Zm'e}( ﬁg/Ki(fE,I‘/))Q (Zx’e)( /BglKi(1:7x/))2 '

(03")" = Var(ui™) =

If a different weighting method is used, the variance can be estimated by using confidence interval
methods for kernel estimation. Please see section 4.4 of Fan and Gijbels (1996) for more information

on these methods.



We further approximate the bias using

2, 0,n

Vg = (/fw’niuz’ )2’

as this is the estimate for the variance of i, — .

By Proposition 3, the variance for the final estimate is given by,

-1

4 Measurement Decision

In this section, we first review the Knowledge Gradient with Correlated Beliefs (KGCB) which
is a ranking and selection policy developed by Frazier et al. (2009). Our measurement decisions are
made using a variation of KGCB, and we develop this in Section 4.2. Ryzhov and Powell (2010)
show how knowledge gradient policies are easily adapted to deal with online learning problems and

we review this method in Section 4.3.

4.1 Knowledge Gradient with Correlated Beliefs (KGCB)

The Knowledge Gradient with Correlated Beliefs (KGCB), an extension of the (Ry, ..., R;) policy
by Gupta and Miescke (1996), is a myopic policy for sequential learning for correlated alternatives

by Frazier et al. (2009). Assuming we have a prior on p,
p~ N, X%,

and denoting S™ = (u",X") as the knowledge state of the state at time n, the KGCB policy picks
the alternative by computing the marginal value from the information obtained by measuring x.

The knowledge gradient value is given by,
i

mljlxugﬂ - mg?qu]S”,x" =zx|. (2)

10



The knowledge gradient policy then chooses

KGmn

" = argmaxuv, ",
T

In other words, in a ranking and selection setting, where we are allowed to make one more
measurement before we settle on a decision, KGCB selects the alternative which produces the largest
expected value from a measurement. In a Bayesian setting with Gaussian priors and Gaussian
measurements, the updating equations for ! and 3" *! are given by (Gelman et al., 2004)

n+1 n
+1 n ) — Mz an
um(x) = pt - ——E3
(z) ST

Yreel BN
Ae + X0, ’

€x,

S (z) = X"

where e, is a column vector of zeros except at e, ; where it equals 1. Then, we can rewrite the time

n conditional distribution of u"*! as,

where
n
e,

VA F Zgw’

and Z is a standard normal random variable. Here the parameter 6(X", ™) represents the predictive

F(E", 2") =

standard deviation of u?*! given F™. Then, plugging this in to equation 3 we obtain,

KG

Uy

= E[max(p, + (X", 2")2)|S", v, = x| — max pu,. (3)
y y

To compute this value, we need to integrate the value of the normal random variable over a convex
function which is given as the pointwise maximum of affine functions ug+5y(2",x”)Z. Frazier et
al. (2009) provide an algorithm of complexity O(M?log(M)), to compute the above decision. To
demonstrate the algorithm for the calculation of vX¢ we denote a? = ul, bP(x) = G,:(Z", 2").
The algorithm first orders b} (x) in increasing order, then takes out terms aj, b; if there is some 4 such

that b; = b; and a; > a;j. Finally, the KGCB algorithm removes alternatives who are dominated

11



by other alternatives, that is, it drops a;,b; if for all Z € R there exists some ¢ such that i # j
and a; +b;Z < a; + b;Z . After the redundant alternatives are removed with this procedure, the

knowledge gradient value is given by,

o0 = (b1 (o) — b () (= |l ], o
i=1,z.,:M1 o < bi(x)_bi+1(x)>

where f(z) = ¢(z) + 2®(2), and ¢(z) is the normal density and ® is the normal cumulative distri-

bution function.

4.2 Knowledge Gradient with Non-Parametric Estimation (KGNP)

In this section, we derive the knowledge gradient when we are using a nonparametric belief

structure. As given in Section 4.1, the knowledge gradient value for alternative x can be written as

KG

Vg

— E[maquH — max,uZ\S”,wn = z].
Yy Y

i,n+1

"tlis given as a weighted sum of other estimators, uy"" ", which can be

In our approach, puy

rewritten as,

il _ >, Bo Ki(z, 2') (207) i Ki(x,x0) (87 0™ + B2 yith)
' Ywex O Kilz, ') S en BT K (w,a)

Then, letting A, | (2, 2y) = Y. cx BuKi(z,2') + 35, Ki(z,2y), we can write

s _ 1 (S Bi(w, ') + p" 05, Ko, n) | 05, K, 2n)
v Al (@, @) Al (@, @)
_ MQ" n ﬂinKz(%xn) (Mazn _ Mﬁg") n ,BanKZ(x,mn)
A}Hl(m,:nn) A%H(fﬁv Tn)

e Ki(z, )

A%H (z,2n)

(ya:n - M;’n)
(y:vn - M;n)

- :u‘gn + (M.’En - sz’n) + &(xa Tn, 7’)27

where, Z = (y2*t — pu ) //((0% )2+ Xz, is a standard normal random variable and

7 8) =\ (08,2 + A, e U
n+1 ) n

n+1

Given z, is observed at time n, adding up the estimates uy with their weights, using the

12



equations above we rewrite u?t! as,

= 3 i 3w e ) S i 60,002

kiek k; eIC n+1(95a Tn) kiek

. ¢ K; R . i s K )

ke AiL-ﬁ-l(x?mn) k;ek Ail—i—l(x’xn)

—— .
+7Z Z wh" G (2, 20, 1).
ke

As the weights in the next period will change according to the outcome of the measurement, we
also need to adapt our weights for the knowledge gradient calculation. Following Mes et al. (2011),
we use predictive weights which are the expected values of the weights for the next time step. These

weights are given by:
-1

where,

(51'7”)2 Var(,u,l n+1) > EX(ﬁn—HK (z,2))*Var(z'"") _ Darex ﬁn—HK( a')? .
’ (Cwex B Ki(x,2"))? (Corex Ot Kz, 1))

+

Combining the equations for ,uZ "% and the predictive weights, we obtain the knowledge gradient,

KG(gm) =R [maxa (x) + b;/(x)Z\S"} — max /i,
z'eXx z'eX

where
; - Kz y bn x K n
o) = 3 it (12 BN e 57 e G D)
k.eK An+1($7xn) k€K An+1(x :En)
b2 (xn) Z Wi G (2, 20, 1). (6)

ke

This is in the same form of KGCB developed by Frazier et al. (2009). By applying the procedure

)

described in section 4.1 | the knowledge gradient can be computed using

aily —ay
b (x) — by (2)

KOS = 3 O - s (-

i=1,....M—1
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4.3 Knowledge Gradient for Online Learning

The knowledge gradient can easily be adapted to online learning problems. Consider a user
who is allowed to collect information for one more time-step. After the current time period, he will
repeatedly choose the alternative which he believes to be the best. That is, if we are at time step n
and we are allowed to make a total of NV choices, our expected reward after the current experiment
is given by,

V*(S") = (N —n+1)maxpu.

Then, as shown in Powell and Ryzhov (2012), the KG value for alternative x for online learning is

given by
oQb KGR = 1 4 (N — ),
where vX %™ is the knowledge gradient value for alternative x at time step n.

5 Convergence Results

In this section we show that our policy is asymptotically optimal almost surely. That is, with
probability 1 it finds the best alternative in the limit. The proof given here is based on the conver-

gence proof in Frazier et al. (2009) for kernel estimation.

Theorem 1. If there is at least one k; such that K; (x,2") > 0 for all x,a’ € X, then in the limit,

the KGNP policy measures every alternative infinitely often, almost surely.

Proof. We start by defining )y as the almost sure event for which Lemma 1, 2, 3 and 4 (in Appendix
A) hold. For any w € g, we let X’(w) be the random set of alternatives measured infinitely often
(i.0.) with the KGNP policy. Assume that there is a set G C €, with strictly positive probability
such that for allw € G, X'(w) € X. That is with positive probability, there is at least one alternative
that we measure for a finite number of times. Fix any w € G, and let Ny be the last time we measure

an alternative outside X’(w) for this particular w.

Let # € X' (w); we first show that lim, vA ™ = 0. Note that f(z) = ¢(z)+2®(2) is an increasing

14



function, and b}, | (z) — bj*(z) > 0 by the ordering of b}'(x) for the KGCB procedure. Then,

vt Y (0 (@) = 0 (@) £ (0). (7)

i=1,...M—1

From Lemma 10 (given in the appendix), it follows that lim, b},(z) = 0 V2’ € X, and for
i=1,...,M lim, b}'(z) = 0. Letting n — oo in the above inequality, we obtain, lim,, vfG’n =0.1In
other words, the knowledge gradient value for infinitely often sampled alternatives goes to zero in

the limit.

Now, for the same w € €, we consider x ¢ X’(w), an alternative that is not measured infinitely
often. We will show that lim, v ©"™ > 0 for this alternative. Let T := {¢ : liminf, b (x) > 0}.
From Lemma 4, we know that liminf, b”(x) > 0. As at least one alternative has to be measured
infinitely often in the limit, X’(w) is non empty, and by Lemma 4, there is at least one z” such that
lim,, b7, (x) = 0. Combining the last two statements, 7 and 7€ are both nonempty. Then, there

is some Ny < oo such that, min;e7 b (x) > max;g7 bgl(x) for all n > Ny. For all n > Ny by the

monotonicity and positivity of f(z), we have

KGn : b _pn . a?—i—l —ag .
Ve - ie%n,jlélIC( i) = bj(@)f ( b (z) — b ()

Now let U := sup,,; ., |aj'(z)|. By Lemma 2, U < oo. Then, sup,, ;, |af'(z) — a, ()| < 2U.

And for all n > N3, by monotonicity of f(z), we have

v 9" > min (b7 (x) — b} () f <—b<x>2—Ub<x>>

i€Z,jeIC i

Letting, b* := min;e7 b} (x) > 0, we take the limit in n, and by the continuity of f(z), we obtain

—2U
linanfG’" > b f < = > > 0. (8)

Then, for 2/ ¢ X', lim, vfG’" > 0, and for x € &, lim, v5%" = 0. For 2’ ¢ X', there will
KGmn

be some n > Nj such that v, > vfG’n Vr € X’. That is, for some time after N1, we will
choose to measure an alternative outside X’. However, this contradicts our first assumption that

X'(w) € X and there was a last time N7 that we stopped measuring alternatives outside X’(w).

15



Then, X'(w) = X for all w € Q, that is we measure each alternative infinitely often.

Corollary 1. Under the KGNP policy, lim,, u} = pg a.s. for each alternative x.

Proof. By Theorem 1, every x is measured infinitely often. Then by the strong law of large numbers,
lim g™ = pg(a.s.).
n

Note that as all alternatives are sampled infinitely often, we have limn(aﬁ'gn)2 — 0, for all
ki€ K,z € X. Now, fix z € X, and w € Q, and let K' = {k; € K : lim,, yi’"(w) = 0}. Following the
previous statement, these are the kernels which are equal to the true value in the limit. Then, for

any k; ¢ K', although lim,,(0%™)2 — 0, as the estimator will be biased (lim,, 5" (w) # 0),

n

limw;" — 0.
n

That is we have

- ] ‘7 A’ e ] ‘/7 ‘/7 —_— 3 07 —
lim g = lim Y g =1lim Y wp " = lmpg" = pg.
k€KX ke’

6 KGNP Demonstration

To show how our method works, we consider maximizing over a one-dimensional Gaussian
process with correlation coefficient, p = 0.40 and measurement variance, A = 0.01. More details
about these functions are given in Section 8.1.1. The generated function is plotted by dotted lines in
Figures la and 1b. We start with a non-informative prior of u2 = 0 and 8) = 0 for all alternatives
x, and implement a series of bandwidths by h = {4,32,128}. Each estimation method k; € K
uses a local linear fit and the kernel function is Epanechnikov with bandwidth h;. Local linear

fitting is used as it is known to have less asymptotic bias and variance than Nadaraya-Watson or
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Figure 1: Estimates given by different kernel estimation methods. On the left (Figure 1.a) are two
estimators that use local bandwidths (h=1 in blue and h=4 in red). The true value of the function
(1) is shown in green. More global estimators (h=32 (blue) and h=128 (red)) are given on the
right (Figure 1.b).

Gauss-Muller estimates when the points are highly clustered (Fan and Gijbels, 1996).

We run our policy for 50 time steps, and plot the estimates at the base level (kg) and with ky
in Figure 1.a. In Figure 1.b, we plot our estimates with ks and k3. The combined estimate which
is calculated by weighting the kernel estimates by their inverse estimated MSEs is given in Figure

2.a. And in Figure 2.b, we plot the weights used for the main estimate.

N=50

H()

L L L L
20 40 60 80 100

Figure 2: Combined estimator and its weights. On the left (Figure 2.a) true values (u,) versus the
combined estimator (u3°). On the right (Figure 2.b): The weights used for the main estimator (w2°).
The weights inversely proportional to each estimation method’s MSE. Darker colors represent more
local estimators and are concentrated in the region around the function’s maximum.
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7 Extension of the Main Algorithm

In this section, we consider an extension of the estimation method proposed in section 3. This
extension uses a different weighting scheme, which is common for aggregation techniques in the
machine learning community. Here, we employ the sequential method proposed by Bunea and
Nobel (2008).

The proposed method uses a tuning parameter 17 > 0 fixed in the beginning. Then, given that
we are at time period n, we let Cy, (ki) = 327", (v — ,uij,l)2 for all m < n. Then, we choose the

weights given by,
Wi i = LN e (nCE)
= Dk, e exp (—=nC;(7))

To obtain their theoratical bounds on the error of this estimation procedure, Bunea and Nobel
(2008) pick n as
-1
n=(2(B1+B)")

where for all n and z, By and By satisfy,|y}| < By,|u?| < Bz and By > Bs. Therefore we choose to

bound the highest upper value by max, (]ux\ +3 (62)71/2> and let 7 as,

-1
0= (2 (max 2|+ 3072))

As the estimation method is also used to estimate the predictive distribution, the KGNP policy

with this estimator behaves very differently than the one proposed in section 3 that uses MSE.

8 Numerical Experiments

To evaluate our policy numerically, we ran our algorithm on continuous functions on R? where the
goal is finding the highest point of the function. The functions are chosen from commonly used
test functions for similar procedures. We follow an empirical Bayesian setting and start with a non-
informative prior. At each time step, we can evaluate the function and obtain a noisy estimate. This
is in line with the methods used in simulation optimization where the optimizer sees the function
as a black box and only obtains the value at given points.

As our algorithm is based on problems with a finite number of alternatives, we discretize the set

18



of alternatives and use an equispaced grid on R?. Although our method is theoretically capable of
handling any finite number of alternatives, computational issues limit the possible number to values

on the order of 103.

We compare our algorithm against others in three different settings. In section 8.1, we apply our
policy to one-dimensional Gaussian processes and compare it against three offline learning methods
which are explained in more detail in the corresponding section. In section 8.2, we use multi-

dimensional test functions for comparison and in section 8.3 we present an application example.

We compare our method against three different alternatives: Exploration (Expl) is a policy
where a random alternative is tried at every time step. Sequential Kriging optimization (SKO) is
a black-box optimization method from Huang et al. (2006) that fits a Gaussian process onto the
observed variables. Finally, the knowledge gradient with correlated beliefs (KGCB) is the method
presented in section 4.1. However, in our numerical comparisons, KGCB assumes that the covariance
matrix is known beforehand, although this is not the case in empirical applications. Therefore, it
is expected to outperform all other methods. We denote KGNP-MSE as the policy introduced in

Section 4.2 and KGNP-EXP as the policy that uses the estimation method given in Section 7.

8.1 One-Dimensional Test Functions

In this section, we compare our algorithm on one-dimensional Gaussian processes against three
other methods. Comparisons are done in two main settings: In section 8.1.1, we work on Gaussian
processes with stationary covariance functions. These are multi-variate normal distributions where
the covariance between two variables depends only on the distance between them. In section 8.1.2.,
we run our numerical experiements on Gaussian processes with non-stationary covariance functions,
where the covariance terms depend both on the places of the alternatives and the distance between

them.

8.1.1 Gaussian Processes with Stationary Covariance Functions

In order to evaluate our method on one-dimensional functions, we generate a set of zero-mean,

one-dimensional Gaussian processes on a finite interval. We discretize our measurement set into
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Figure 3: Gaussian Processes with Different p

integers from 4 to j (in this example from 1 to 100) and we use the exponential covariance function

. T
Cov(i,j) = o exp ( (O~ 1)/))2) ,

which gives a stationary process with variance o2 and length scale p. A high o2 gives a function
that varies more in the vertical axis whereas a high p value generates a smoother function with a
smaller number of peaks and valleys. In Figure 3, we plot randomly generated Gaussian processes
with different values of p to show the smoothing effect as p is increased.

For all the one-dimensional examples below, we fix o2 at 2. M, the number of alternatives, is
fixed at 100, we fix measurement variance A at 0.01. We vary p in each experiment. For all kernel

functions we use a Epanechnikov kernel.

We test on three different combinations of the smoothing parameter p, 0.05, 0.075 and 0.10. For
each of these values, we generate 10 functions which gives us 30 different test functions. For each
function, we test each policy 32 times. For each run, we use opportunity cost as the performance

indicator:

Max ry — Ha,

where x* := argmax, u2Y. We average the opportunity costs for policies for each different set of

parameters over p. The only tuning parameter for our method is the set of kernel functions and
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Figure 4: Comparison of policies on stationary GP using A = 0.01 and various values of p

the bandwidths that we start with. For these runs, we used six different kernel estimators, where
each of them fit one-degree polynomials (linear fits) but with different bandwidths. We picked the
bandwidth size as a geometric series (h = 2,22,...,25 = 64). The opportunity costs on a log scale
for different policies are given in Figure 4.

We see that although the KGNP policy outperforms the exploration policy, it under performs
both SKO and KGCB. However, this is expected as we are maximizing over a Gaussian process and
SKO fits a Gaussian process to the evaluated function values. KGNP does not assume any structure
and therefore has a slower rate of convergence. Also, KGCB outperforms all other methods, as it

was given knowledge of the covariance function before it started making evaluations.

8.1.2 Gaussian Processes with Non-Stationary Covariance Functions

Our method easily adapts to other non-stationary covariance functions as it uses a non-parametric
estimation method. To show its performance in these setups, we do the same experiment in the
previous section using a non-stationary covariance function. We choose to use the Gibbs covariance
function (Gibbs, 1997) as it has a similar structure with the exponential covariance function but is
non-stationary. The Gibbs covariance function is given by,
20(i)i(j) \'* i— )2
Cov(i,j) = o < 2( ) (‘]) 2) exp (—,(2 7) , 2> ,
1(2)* +1(5) 1(2)? 4+ 1(5)
where [(7) is an arbitrary positive function in i. In our experiments, we use a horizontally shifted

periodic sine curve for [(7)
1(3) = 10 (sin (pg(i + 61)) + 1) +1,
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Figure 5: Effects of varying p for the non-stationary Gibbs Gaussian process on the covariance
functions and the function values: p values are respectively 27 and 4m. Graphs on the top are
different functions with varying p values and below are their corresponding covariance matrices.
Black and white dots correspond to zero and one correlation, respectively.

where p determines the periodicity of the covariance function and ¢; is a random number with a
uniform distribution on [0, 100] and is used to shift the curve horizontally. For the experiments, we
vary p from 27 to 47 and the measurement variance A in each experiment.

The effect of varying p for the overall covariance function and the resulting Gaussian process

are given in Figure 6.

Numerical Comparisons For forming the experiments and calculating the opportunity cost,
we follow the same setup as in the previous section. The logarithm of the opportunity costs vs
iterations are given in Figure 6 and 7.

It is seen that although SKO has as a slightly faster convergence in the first few iterations, it

does not converge in the limit. This is due to the fact that we have a heteroscedastic covariance
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Figure 6: Comparison of policies on non-stationary GP using A = 0.01 and various values of p
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Figure 7: Comparison of policies on non-stationary GP using A = 0.25 and various values of p

function and the bandwidth estimation for SKO can only handle stationary Gaussian processes.
One could adapt the estimation procedure in SKO to handle such covariance functions but it would
require implementing non-parametric methods to estimate [(7) as it can take any form. Therefore,
in these setups where the function is expected to have a non-stationary covariance function without
any specified structure, non-parametric methods will almost always have better convergence than
parametric methods. Also, we note that, KGCB had the perfect information of the non-stationary

covariance function and therefore converged very rapidly.

8.2 Two-Dimensional Functions

We experiment with two test functions introduced in Branin (1972) and Huang et al. (2006). The
forms, domains and the sources are given in Table 1. We compare the performance of KGNP versus

SKO by testing the policies over different measurement noise levels. As KGNP works on a finite
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Figure 8: Average opportunity costs for methods with respect to time for the Branin six-hump
camelback test function. Also the best 10% and the worst 10% performances of the methods are

plotted.

grid, we discretized each interval into 30 parts, which gives 961 (31 x 31) different alternatives. For

each measurement noise level, we run both of the policies 100 times and we do 50 iterations during

each run. Opportunity cost is calculated following the same procedure in Section 8.1. To estimate

the bandwidth parameter for SKQO, the first six evaluations are done using a Latin hypercube square

design. The results are given in Table 2. For the six-hump camelback with low variance, the average

opportunity costs of the methods along with their best 10% and worst 10% performances are given

in Figure 8.
Name Functional Form Domain Source
Six-hump f(z) = 423 — 2.12] + 22§ r€[-1.6,2.4] x [-.8,1.2] Branin(1972)
camelback +z129 — 423 + 42

Tilted Branin

flx) = (2 — gmaf + Ja1 —6)?
+10(1 — &) cos(z1) + 10 + 324

z € [=5,10] x [0, 1]

Huang et. al (2006)

Table 1: Two-Dimensional Functions for Numerical Experiments

It appears that although KGNP cannot outperform SKO, the results are comparable. However,

this behaviour is expected as we are using a non-parametric method that starts with almost no

assumptions on the function. It is also seen that, KGNP performs worse in environments with high

noise, as higher observation noise with small number of iterations forces the policy to use kernels

with larger bandwidths and hence use a very smooth estimator, making optimization more difficult.
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| [ KGNP-MSE ||  KGNP-EXP | SKO |
Test Function | A | E(OC) | SE[E(OC)] | E(OC) | SE[E(0C)] | E(OC) | SEE (OC)]
Six Hump || .122 [ .0310 0012 0504 0062 0321 0030
Camelback || .247 | 1243 0281 2365 0249 0495 0044
Tilted Branin || 27 | .8414 2661 6815 0650 2390 0158

Table 2: Expected Opportunity Cost After 50 Iterations for Two-Dimensional Test Functions

0.7
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S

Figure 9: Average opportunity costs for methods with respect to variance of noise (\). Error bars
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for 95% confidence intervals are also plotted.

To illustrate the disadvantage of KGNP vs. SKO in higher noise environments, we repeat the
numerical experiment with the Six-Hump Camelback test function. We vary the noise variance A
from 0.01 to 1 and calculate the opportunity cost after the 50th iteration. For each noise level, we
do the experiment for 100 times. The opportunity costs with respect to the changing noise level is

given in Figure 9.

From the results in Figure 9, we see that SKO and KGNP-MSE perform almost at the same

levels with noise variance less than 0.7. After a certain point (A = 0.75), KGNP’s performance

deteriorates faster than SKO.
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8.3 Application Example

We implement KGNP policy to optimize over a black-box that estimates the value for pumped-
hydro power storage. These are fairly common energy storage devices that store the energy simply
by pumping the water to a higher reservoir. To release the stored energy, the water is released
through turbines. Energy is stored during off-peak hours and is released during peak hours. As the
price of electricity fluctuates significantly throughout the day, substantial revenues can be made if
energy is stored and released at proper times.

The simulator we are using has two inputs that determine the policy: The first parameter de-
termines a price limit (for the hourly energy prices) for which all power is released from storage.
The second parameter similarly defines a price limit for which we stop releasing power and start
pumping in energy. In between, the level of buying decreases with exponential decay. The parame-
ters intervals are [60,80] and [45,60]. Then, given two inputs within these intervals, the black-box
simulates the operations of a pumped-water power storage using historical energy prices and gives
an estimate of the revenue using the previously described policy.

A single evaluation from the black-box takes about a minute, and as a result we are looking for
an optimization policy that can converge quickly to the optimum policy. We ran both KGNP using
both weighting methods and SKO for 20 runs, each with 50 evaluations. The average of the results
along with a 95% confidence interval are given in Figure 10.

It is seen that KGNP converges more quickly than SKO. We also note that, as we do not know

the true optimum values for this black-box function, a rigorous comparison is not possible.

9 Conclusion

In this paper, we have presented a sequential measurement policy for offline learning problems.
We estimate the value function by aggregating a set of kernels with varying bandwidths. Aggregation
is done using weights that are inversely proportional to the estimated mean square error. Then,
we adapt the correlated knowledge gradient procedure of Frazier et al. (2009) using the covariance
structure created by the kernel estimators. Therefore, our method employs the knowledge gradient
with a time-dependent covariance matrix where a higher weight is put on covariance matrices with

better estimation.
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KGNP vs. SKO for Application Example
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Figure 10: Performance of KGNP and SKO for the Black-Box

System(Objective &+ 2 x Standard Error). FEach policy was ran 20 times. To estimate the ob-
jective values for iteration, after each run, the values for implementation decisions are estimated
using all the data.

We show that our policy is asymptotically optimal by showing it measures every alternative
infinitely often and finds the best alternative in a finite set with probability 1 as the number of
iterations n goes to co. We close with numerical results on single and two-dimensional functions.
For one dimension, we test and compare our policy against several other policies on randomly
generated Gaussian processes. For higher-dimensions, we employ commonly used test functions
from the literature. Numerical experiments in these settings demonstrate the efficiency of our
policy.

Although our policy performs very well in the numerical experiments, there is a caveat. Kernel
estimation is known to suffer from the curse of dimensionality as the MSE proportional to h% where
h is the bandwidth and d is the number of dimensions. If observations lie in high dimensional
spaces, non-parametric estimation is known to have a poor performance. Because of these reasons,
the efficiency of our method also degenerates in 3 or more dimensions. Additive models might be

used to handle this curse but this requires making more assumptions on the structure of the function
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A Proofs

In this section, proofs for the propositions and the lemmas used in the paper are given. For simplicity,

with an abuse of notation, we denote K;(x,2’) as K(z,z’) in some places.

The following proposition shows the optimality of our weighting scheme under Assumptions 1

and 2.

Proposition (Proposition 1 in Section 3). Under Assumptions 1 and 2, the posterior belief on ji,

given observations up to time n is normally distributed with mean and precision given by,

1
= A 3 (o )
z k,exX
=B+ > ((eh™)? +vi) "
kieX

Proof. Let C be a generic subset of K. We first show that for any such C, the posterior of u, given

,ui;”, for all k € C is normal with mean and precision given by,

Mx Bcn $/’LI+ Z +V) 1:ulxn )
ke
5C’n 60+Z +V)
kel

Then, the proposition follows by letting C = K.

Using induction, we first consider C = (), then clearly the posterior is the same as the prior

(12, 3%) and the above equation holds as well.

Now assume the proposed equations for the posterior distribution hold for all C of size m, and

consider C" with m + 1 elements (C' = C U {ky}). By Bayes’ rule

Per(pe € du) = Po(pe € dulYF = h) x Pa(YF € dhlp, = w)Pe(pe € du).
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where Y*" stands for the observations for kernel k;.. Using the previous induction statement

Pc (ks € du) = o((u— pg™)/ag™).

By the independence assumption,

Po(YF € dhlpy = u) = P(YF € dh|p, = u)

x x

= [ P(YY e dh|pf = v)P(uF = v)p, = u)dv

x x T

%\

o [ (™ —v)/ob™)p((v —u)//vi)dv oc

B —
=

Hs

3
|
e

(0%™)?2 + vl

Combining Po(Y¥ € dh|p, = u) and Po (e € du), we obtain

Mz —U n n 'n 'n
Por (e € du) o ¢ | —m———= | @((u = pS"™)/05"™) o< ((u = pG"™) /o™

This gives us the desired result.

The following lemmas are used for the Proof of Theorem 4.

Lemma 1. For all x € X lim sup,, max,,<n

,ug’m’ 18 finite a.s.

Proof. We fix x € X. For each w, we let N’ (w) the number of times we measure alternative x until
time period n,

N;L(w>: Z 1{xm:x}'

m<n—1

N (w) is an increasing sequence for all w and the limit N2°(w) = lim, oo NJ'(w) exists. We
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Bi—B2 s bounded above by 1, and the first two terms are clearly finite, therefore we only concentrate

Bz
on the finiteness of the last term. Also, we note that W has a standard normal distribution.

As the normal distribution has finite mean, we let Qg be the almost sure event where |12,
all j € N,. We further divide € into two sets, Qo = {w € Qg : N° (w) < 0o} where alternative x
is measured finitely many times, and QF = Qo\Q = {w € Qg : N° (w) = oo} where alternative z
ug’m‘ = oo} . We
will show that P (Qo N HQE) =0and P (QOC N H$> = 0 to conclude that P(H,) =P <Qo N H,D) +

is measured infinitely often. We let the event H, = {w € Qo : limsup,, max,, <y,

P (QF NH,) =0.

For any w € QoﬂHx, let M, (w) be the last time that x is measured, that is for all ny, ne > M, (w),

NI'"(w) = NJ?(w). Then, we have that

<y%“ e Ma(w) (v — 1)
Z Aelipizg = hmsgprygag Z Aelpizg DV
I A (yg:—’—l - ﬂm)
= 1 N 7
im sup g}a;fz = |~
m ngU'Jrl - M:v)
> hmsgpgllgg Z:l/\zl{ﬂ:x}/\x
J:
> limsup max }ug’m’ = 00,
n m<n
where M, (w) < oo by construction. However, this also implies that yiﬂ = 00 Oor y%ﬂ = —oo for

at least one i, therefore w ¢ Qo and we get a contradiction. Then, P (Qo N Hx> = 0.
~ (yi“*uz)
To show that P (Qg N Hz> =0, welet J; .= 1{mi:x}T and remind that J; has a standard
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normal distribution. We further define a subsequence G (w) C N4 by,
G(w) = {j e N, : 1{$j:I} = 1},

and we let J* := (Ji);c(,)- By construction,G (w) has countably infinite elements for all w € Qf.

Here, we make use a version of the law of iterated logarithms (Billingsley, 1995) which states that,

lim sup max | Z,| < oo (a.s.),
n m<n

where Z, = Y7

=1 zi/n and z; are i.i.d. random variables with zero mean and variance 1. We let

Q) be the almost sure set where this law holds for Z,, = J*

n»

and the proof follows by noting that
P(ngmmm)zo. O

Lemma 2. Assume we have a prior on each point (52 > 0,Vz € X), then for any x,2' € X, k; € K,

ps"|, sup,, |la™ (z)| and sup, |07 (z)|.

the following are finite a.s. : sup,

i nKz s g
Proof. For any € X, k; € K and n € N, let p})" = ZﬁjT%

pyt > 0and Y ,cppy = 1. That is for any 2’ and n, p}," form a convex combination of ug’,”.

Clearly, for any 2/ € X all

Then, .
Sl By K, xy) )
M
Zj:l BrKi(w, ;)

And the last term is finite by Lemma 1.

sup |1

0,n|
z |

> Pl

= sup = sup < sup |p
n n n,xr

To show the finiteness of sup, |al,(x)|, we note that a’ (x) is a linear combination of "

1— ﬁfnnK(xvxn)

A;H(an)) and the weight for u;’,n is

and u;’,” , where the weights for u%" are given by <

3 i,n+1 B, K(z,zn)
k; e

kWi 5 . These weights are between 0 and 1, and the finiteness follows.
n+1(1’,$n)

To see sup,, [b7 ()|, first note that for any k; € K and any z,2’ € X,

AiH—l(xa J:/) = Z /BELK(J“?‘%) + ﬁ;/K([E, 13/)7
TeX

is an increasing sequence in n. And trivially, (¢7)? = 1/87 is a decreasing sequence in n. Then for
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any n € N,

~ . n ﬁ;,K(.’lﬁ, xl) ~ -
o(z, 2 i) =1/ ((6™)% + )\x/)w <5(x,2’,i)o < 0o

As b7, (x) is a convex combination of ¢(z,2’,7) where the weights are given by wi™, it follows
that sup,, [b7,(x)| is finite.

O

Lemma 3. For any w € Q, we let X'(w) be the random set of alternatives measured infinitely often
by the KGNP policy. Fiz w € Q, for any v ¢ X'(w) let ' € X be an alternative such that x’' # x,

Ki(z,2") > 0 for at least one k; € K, and x’ is measured at least once. Also assume that i, # iy .

,n

i
Mz

— ,ug’n > 0 a.s. In other words, the estimator using kernel k; has a bias almost

Then, lim inf,

surely.

Proof. As x ¢ X', there is some N < oo such that u%” = ,ug’N for all n > N. And as M%N =

“9‘+Zm§N Biyzm 1(-77'm=-77)

a continuous random variable.

, it is given by a linear combination of normal random variables (y,,,) and is

As z # 2/ is at least measured once, and K;(z,2) > 0, ui}” contains positively weighted ,ug’,n

n

terms. Also using the assumption i, # py,, ug’, will not be perfectly correlated with ug’". Then,

as both are continuous random variables the probability that u%” will be equal to any cluster point

of ,uﬁg" is zero a.s. That is liminf,, uﬁg” — u‘;’” > 0.

O

Remark. If p, are generated from a continously distributed prior (e.g. normal distribution), then

for all  # 2/, P(uy # per) = 1 and the assumption for the previous lemma holds almost surely.

Lemma 4. For any w € Q, we let X'(w) be the random set of alternatives measured infinitely often

by the KGNP policy. For all x,2' € X, the following holds a.s.:

o ifx € X', then lim, b}, (x) = 0 and lim, b} (z’) =0,

o ifx ¢ X', then liminf, b7 (z) > 0.
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Proof. We start by considering the first case, z € X', If Kj(z,2’) = 0 for all k; € K, b\(z) =
b (x') = 0 for all n by the definition. Taking n — oo we get the result.

If Ki(xz,2") > 0 for some k; € K, showing limy, b7 (z) = 0 is equivalent to showing that for all

ke K

N . Be K (z, ")
o(x, 2’ i) = 0")2 + Ay )
( ) (( x) )AZTL+1('CUJ$/)

— 0.

As noted previously, A% (z,2') is an increasing sequence. If x € X, then we also have that,

B2 — oo, and

— 0.

- <
Al (z,2) = OpK (2, 2)
Therefore lim, b7, () = 0 under this case as well. Showing lim,, b7 (z") = 0, reduces to showing

that,

A§‘1+1 (x/’ T )
which is also given by above.

Now for the second result, where K;(z,2’) > 0 for some k; € K and x ¢ X’; by the definition of

b (x)
o
“Br 4+ BeK (z,x)

b (x) > w6 (2, 2,0) = W™/ ((0m)2 + A

For a given w € ), let N be the last time that alternative x is observed. Then, for all n > N,

Bl =pN < B+ N < oo.

Recall that (07)? = 1/87 and A\, = 1/3%, and that these terms will be finite for a finitely
sampled alternative. For liminf, b (x) > 0 to hold, we only need to show that the weight stays

above 0, that is,

n i'n

Ony2y—1
lim inf wg’” = lim inf ( ((JZ.C, n) ) — ) > 0.
" Dkpexlloz™)? +vp) 7!

Almost sure finiteness of the numerator has been shown above, which means we only need to

show that
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First we divide the set of kernels into two pieces. Let Kj(w,z) be the set such that, for w € Q,
there is at least one ' € X’ such that K;(z,2’) > 0. In other words, there is one infinitely
often sampled point (z') close to our original point (x) that has influence on the prediction. Let

Ko(w,z)=K\K1. Now as all terms are positive,

lim sup Z ((6%™?2 + 1™ 71 < limsup Z ((6%™)% + 12~ 4 lim sup Z ((02™)?2 4 pim) =1,
ky €K ky €K1 " kK
For all k; € K1, we have that by Lemma 3, lim inf), u];i/’n > 0, thus even if lim infn(o";”’n)2 =0,
the limsup for the first term on the right will be finite. Finally, for all k;; € Ko, as none of the points
using k; € Ko using to predict p, are sampled infinitely often, letting

Nx = max N,,
xg X!

where N, is the last time point x is sampled, we have Nx < co. Then, 2 for all x ¢ X’(w) is finite

(and bounded above by Nx(max,¢x 33)) and

DA+ < D (e

ki€ k€2

Z (wex ,B;f,Ki(a:,x’)f

ki, €KC2 ZWEX 5:?’]{1(56’ 1:/)2

$ (O wex Nx(max, g 85) Ki(z,2'))?
Zx’EX Nx(maxm¢)(’ ﬁg)Kl('fa ‘T,)Z

<

< < 00

ki €C2

where the last term does not contain n. Taking the limit supremum over n for both sides gives us

the final result.
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