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Abstract

Optimal learning addresses the problem of eﬃciently collecting information with which
to make decisions. These problems arise in both oﬄine settings (making a series of
measurements, after which a decision is made) and online settings (the process of making a decision results in observations that change the distribution of belief about future
observations). Optimal learning is an issue primarily in applications where observations or measurements are expensive. These include expensive simulations (where a
single observation might take a day or more), laboratory sciences (testing a drug
compound in a lab), and ﬁeld experiments (testing a new energy saving technology
in a building). This tutorial provides an introduction to this problem area, covering
important dimensions of a learning problem and introducing a range of policies for
collecting information.
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1. Introduction
We are surrounded by situations in which we need to make a decision or solve a problem,
but where we do not know some or all of the data for the problem perfectly. Will the
path recommended by my navigation system get me to my appointment on time? Will a
new material make batteries last longer? Will a molecular compound help reduce a cancer
tumor? If I turn my retirement fund over to this investment manager, will I be able to
outperform the market? Sometimes the decisions are very simple (which investment adviser
should I use), whereas others are much more complex (how do I deploy a team of security
agents to assess the safety of a set of food processing plants?). Sometimes we have to learn
while we are doing (what is the best path to drive to work?), whereas in other cases we may
have a budget to collect information before making a ﬁnal decision.
There are some decision problems that are hard even if we assume we know everything
perfectly: planning the routes for aircraft and pilots, optimizing the movements of vehicles
to pick up and deliver goods, or scheduling machines to ﬁnish a set of jobs on time. This
is known as deterministic optimization. Then there are situations where we have to make
decisions under uncertainty, but where we assume we know the probability distributions
of the uncertain quantities: how do we allocate emergency trailers to respond to the next
hurricane, or how do I allocate investments to minimize risk while maintaining a satisfactory
return? This is known as stochastic optimization.
In this tutorial, we introduce problems where the probability distributions are unknown,
but where we have the opportunity to collect new information to improve our estimates of
parameters. We are primarily interested in problems where the cost of the information is
considered “signiﬁcant,” which is to say that we are willing to spend some time thinking
about how to collect the information in an eﬀective way. What this means, however, is highly
problem dependent. I am willing to spend quite a bit before I drill a $10 million hole hoping
to ﬁnd oil, but I may be only willing to invest a small eﬀort before determining the next
measurement inside a search algorithm running on a computer.
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The modeling of learning problems, which might be described as “learning how to learn,”
can be particularly diﬃcult. Although expectations are at least well deﬁned for stochastic
optimization problems, they take on subtle interpretations when we are actively changing
the underlying probability distributions. For this reason, we tend to work on what might
otherwise look like very simple problems. Fortunately, there is an extremely large number
of these “simple problems” that would be trivial if we only knew the values of all the
parameters.

2. Some Illustrations
At the risk of disguising the wide range of problems in which optimal learning arises, we
are going to illustrate a few applications using some simple problems that can be viewed as
stochastic network problems.

2.1. Learning the Best Path
Our ﬁrst problem involves ﬁnding the best path to get from your new apartment to your new
job in Manhattan. We can ﬁnd a set of paths from the internet, but we do not know anything
about traﬃc congestion or subway delays. The only way we can get data to estimate actual
delays on a path is to travel the path. We wish to devise a strategy that governs how we
choose paths so that we strike a balance between traveling on long paths and what we are
learning.
Assume that our network is as depicted in Figure 1. Let p be a speciﬁc path, and let
xp = 1 if we choose to take path p. After we traverse the path, we observe a cost ĉp . After
n trials, we can compute a sample mean θ̄pn of the cost of traversing path p, and a sample
variance σ̂p2, n using our observations of path p. Of course, we only observe path p if xnp = 1,
so we might compute these statistics using
Npn =
θ̄pn =
σ̂p2, n =

1
Npn

1
−1

Npn

n

n =1
n


n =1
n




xnp ,
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xnp (ĉnp − θ̄pn )2 .
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Note that σ̂p2, n is our estimate of the variance of ĉp by iteration n (assuming we have visited
path p Npn > 1 times). The variance of our estimate of the mean, θ̄pn , is given by
σ̄p2, n =

1 2, n
σ̂ .
Npn p

Figure 1. A simple path problem, giving the current estimate of the mean and standard deviation
(of the estimate) for each path.
(22, 4)
(24, 6)
(26, 2)
(28, 10)
(30, 12)
(µ, σ)
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Now we face the challenge: which path should we try? Let’s start by assuming that you
just started a new job, you have been to the Internet to ﬁnd diﬀerent paths, but you have not
tried any of them. If your job involves commuting from a New Jersey suburb into Manhattan,
you have a mixture of options that include driving (various routes) and commuter train,
with diﬀerent transit options once you arrive in Manhattan. But you do have an idea of the
length of each path, and you may have heard some stories about delays through the tunnel
into Manhattan, and a few stories about delayed trains. From this, you construct a rough
estimate of the travel time on each path, and we are going to assume that you have at least
a rough idea of how far oﬀ these estimates may be. We denote these initial estimates using
θ̄p0 = initial estimate of the expected travel time on path p;
σ̄p0 = initial estimate of the standard deviation of θ̄p0 .
We have to emphasize that σ̄p0 is the standard deviation describing our uncertainty in our
estimate θ̄p0 . If we believe that our estimation errors are normally distributed, then we think
that the true mean, µp , is in the interval (µp − zα/2 σ̄p0 , µp + zα/2 σ̄p0 ) α% of the time. If we
assume that our errors are normally distributed, we would say that we have an estimate of
µp that is normally distributed with parameters (θ̄p0 , (σ̄p0 )2 ).
So which path do you try ﬁrst? If our priors are as shown in Figure 1, presumably we
would go with the ﬁrst path because it has a mean path time of 22 minutes, which is less
than any of the other paths. But our standard deviation around this belief is 4, which means
we believe this could possibly be as high as 30. At the same time, there are paths with
times of 28 and 30 with standard deviations of 10 and 12. This means that we believe that
these paths could have times that are even smaller than 20. Do we always go with the path
that we think is the shortest? Or do we try paths that we think are longer, but where we
are willing to acknowledge that we just are not sure, and which might be better?
If we choose a path we think is best, we say that we are exploiting the information we
have. If we try a path because it might be better, which would help us make better decisions
in the future, we say that we are exploring. Balancing the desire to explore versus exploit
is referred to in some communities as the exploration versus exploitation problem. Another
name is the learn versus earn problem.

2.2. Designing a System
Our shortest path problem in the previous section is an instance of what is known as an
online learning problem. That is, we incur the cost of traveling a link as we are learning
about the cost. In our terminology, online learning refers to problems where measurements
occur as we operate the system, which we might operate over a ﬁnite or inﬁnite horizon.
Oﬄine learning, on the other hand, implies a ﬁnite learning budget, after which we incur
a diﬀerent cost (or reward) for operating the system with the best design we have found.
Both types of learning are sequential.
There are many problems where we have to take a series of steps to design a device or
process. Once we have ﬁnalized our design, we have to live with the design. Perhaps we want
to ﬁnd the best layout for a factory, or how to design a compound to ﬁght cancer, or we may
want to evaluate technologies for homeland security applications. In each case, we have to
run experiments or computer simulations, trying out diﬀerent designs and strategies. We
have a budget which might be measured in experiments or dollars. After we have spent our
design budget, we have to live with the system we have designed. Because our experiments
are run before we have to incur the true cost of our design, this is known as oﬄine learning.
Just as we need sometimes to try paths that might look bad, but which could actually be
good, we have to try designs that might seem bad, but which could actually be quite good.
The challenge is deciding when to spend our valuable information budget trying ideas that
do not seem to be the best, but which might be.
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Figure 2. A simple shortest path problem, giving the current estimate of the mean and standard
deviation (of the estimate) for each path.
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2.3. A Learning Shortest Path Problem
One of the best-known problems in operations research (and optimization) is the shortest
path problem. Depicted in Figure 2, the problem is to ﬁnd the best path from an origin
(node 1) to the destination (node 9). If the costs on all the links are known, there are fast
and very simple algorithms to ﬁnd the best path that work very quickly even on extremely
large networks.
The problem gets a little more interesting if we do not know the costs on the arcs. We
get diﬀerent ﬂavors of the problem depending on how we assume the costs are revealed:
Type I: The cost on a link is revealed only after traversing the link.
Type II: The cost on link (i, j) is revealed when the traveler arrives at node i.
Type III: The cost on each link over the entire network is revealed before the traveler
starts his trip.
For Type I networks, we solve the problem by setting the cost on each link equal to its mean,
and then applying our deterministic shortest path algorithm. The same is true for Type III
networks, except that this time we use the (presumed) known cost on each link, given to us
before we start our trip. The more challenging problem is posed by Type II networks, where
the cost on a link is revealed when the traveler arrives to the beginning of the link.
Our interest in this problem arises when we do not even know the probability distribution
of the cost of each link. As with our simple network in §2.1, we might reasonably assume
that we have an idea of the cost of the link, which is to say that we have a prior belief.
But as we traverse a link, we observe the cost over the link and then update our estimates
of the mean and variance. Before we start any trips, we might represent our belief state
by K 0 = (θ̄0 , (σ̄ 0 )2 ), where θ̄0 is the vector of expected costs for all the links, and (σ̄ 0 )2 is
the vector of variances. Each time we choose a path, we learn the cost over each link we
traverse.
This problem is similar to the simple network in Figure 1, with one critical diﬀerence.
As the traveler moves through the network, his state is captured not only by his state of
knowledge (which evolves as he observes the cost on each link), but also his physical state,
which is the node at which he is located. Let Rn be the node at which he is located (we
use “R” to represent the state of our “resource”), where n captures the number of link
transitions. Let K n = (θ̄n , (σ̄ n )2 ) be our state of knowledge, where as before, our knowledge
of a link does not change unless we traverse that link.

3. Stochastic Optimization vs. Optimal Learning
It is easy to confuse the challenges of stochastic optimization and optimal learning. Consider
a classical stochastic optimization problem known as the newsvendor problem. We wish to
order a quantity (of newspapers, oil, money, windmills) x to satisfy a random demand D
(that is, D is not known when we have to choose x). We earn p dollars per unit of satisﬁed
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demand, which is to say min(x, D), and we have to pay c dollars per unit of x that we order.
The total proﬁt is given by
F (x, D) = p min(x, D) − cx.
The optimization problem is to solve
min EF (x, D).
x

There are a number of ways to solve stochastic optimization problems such as this. One of
the simplest is a stochastic gradient algorithm which looks like
xn = xn−1 − αn−1 ∇F (xn−1 , Dn ),

(4)

where xn−1 was our previous solution (computed in iteration n − 1), and Dn is a random
observation of D made at iteration n. αn−1 is a positive step size.
There is an elegant theory that shows under certain (fairly general) conditions that the
sequence xn will, in the limit, converge to the optimal solution. But there is no eﬀort
to use any observations to improve our distribution of belief about the stochastic process
driving the problem. A central feature of optimal learning problems is the ability to make
decisions that reveal information, which is then used to reduce the overall level of uncertainty
about the system. Of course, our goal is to make these measurement decisions as eﬃciently
as possible.
There is a vast array of stochastic optimization problems which involves ﬁnding the best
decision (for single-stage problems) or the best policy (for multistage problems) that optimizes the expected value of some performance measure. These problems have to be solved
in the presence of some form of uncertainty about one or more parameters (demands,
prices, travel times) which are unknown, but where the probability distributions are assumed
known. Our interest is with problems where these distributions are essentially unknown
(although we often assume we have an initial distribution of belief about the parameter).
We can make measurements to update our distribution of belief. There are many problems
where these measurements are time consuming and/or expensive, and as a result we want
to make them carefully. Optimal learning arises when we want to explicitly optimize how
these measurements are made.

4. Elements of a Learning Problem
Section 2 illustrates just a few of the dimensions that arise in a learning problem. In this
section, we address all the dimensions of a stochastic, dynamic problem to try to expose the
range of problem classes. Unfortunately, it is unlikely that one method will be found that
will solve all problem classes, so this discussion helps to expose the scope of our problem.

4.1. The States of Our System
For our purposes, we are interested in distinguishing three major problem classes:
Class I: Pure physical state. The state of knowledge about our system does not change
over time.
Class II: Pure knowledge state. This is a pure learning problem, as we encountered in
§§2.1 and 2.2.
Class III: Physical and knowledge states. This is what we encountered in §2.3.
We use the notation Rt to represent the physical state of the system (the variable R derives
from the fact that we are typically managing “resources,” and we let Kt represent our state
of knowledge). The state of knowledge only arises when we have unknown parameters, and
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where we want to make decisions that inﬂuence how well we know these parameters. In this
case, Kt captures everything we know about these parameters.
There are generally two interpretations of Kt . The ﬁrst is the Bayesian view, where Kt
captures the probability distribution representing our belief about the parameters. This view
requires that we start with some sort of initial distribution (the “prior”) before we have
collected any data. The second perspective is called the frequentist view, which captures our
state of knowledge through a set of statistics computed from observations. These statistics
are typically suﬃcient statistics, which is to say that they capture everything we need to
know from history. For example, if we are working with normally distributed data, we only
need to keep the mean, variance, and number of observations. In more complex situations,
we might have to retain the entire history of observations.
We note that even simple problems with a pure knowledge state remain computationally intractable, especially for many of the variations we describe below. But despite their
inherent complexity, there are also many problems that involve a physical state as well as
a knowledge state. One example was given in §2.3. A simpler example might be a mobile
sensor for detecting nuclear radiation. Our ability to collect information depends on the
location of the sensor, and it takes time and money to change the location.

4.2. Types of Decisions
The complexity of a problem depends in large part on the nature of the decision we have to
make to make a measurement. Major problem classes include
(1) Binary decisions—We can continue to collection information, or stop; we can decide
to show a document to an expert, or not.
(2) Discrete choice—Here, we have a set of discrete choices (not too large—dozens, hundreds, perhaps thousands), where at each point in time we have to choose one of these
choices to explore. A discrete choice could be a person to do a job, a technology, a drug
compound, or a path through a network.
(3) A discrete vector—We have to choose a K-dimensional vector x (perhaps of 0s and 1s).
For example, out of K research proposals, we have to choose which to fund.
(4) A scalar, continuous variable—We have to choose a quantity, price, location of a
facility, or concentration of a chemical that we need to optimize.
(5) A continuous vector—We have to choose x ∈ K , as we might in a linear or nonlinear
program.
We will let x represent a generic “decision.” We might have x ∈ (0, 1), or x = (1, 2, . . . , M ),
or x = (xd )d∈D where d ∈ D is a type of decision (“ﬂy to Chicago,” “try a particular drug
compound”) where xd can be binary, discrete, or continuous. We will let X be the set of
feasible decisions. It is very important from a computational perspective to understand the
nature of x, because there are problems where we assume that we can easily enumerate the
elements of X .

4.3. Exogenous Information
Exogenous information clearly comes in a wide variety depending on the application. We
are primarily interested in our ability to generalize what we learn from an observation. The
simplest case to analyze is where we learn nothing; the observations from measurement x tell
us nothing about a diﬀerent measurement x . This is problematic when the set of potential
measurements is quite large, as it often is. There are diﬀerent ways in which we can generalize
the results of an observation:
(1) Measurements are made of a continuous (possibly scalar) function. We might be sampling disease within a population, the response due to a particular drug dosage, or the
demand response to the price of a product. Measurements are correlated inversely proportional to the distance between two measurements.
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(2) Measurements of multiattribute entities. We might be predicting the importance of
a document (based on the attributes of the document) or the likelihood that someone will
default on a loan (as a function of an individual’s ﬁnancial characteristics).
(3) Estimating the time on a path in a network. The observed travel time over one path
will be correlated with other paths that share common links.
(4) Eﬀectiveness of a drug compound. Diﬀerent drug compounds will share common
atomic subsequences, which interact and determine the eﬀectiveness of a drug. Drug compounds sharing common atoms (typically in speciﬁc locations) may exhibit correlations in
their eﬀectiveness.
We are going to represent exogenous information generically using the variable W . We might
let Wx be the information we observe if we choose action (measurement) x, or we might let
W (S, x) be what we observe if we are in state S and take action x. In some instances, it is
useful to let Wt be information that could be observed at time t, but we will then use x to
determine which of this information we are allowed to “see.” This is exactly the approach
that was used in Equations (1)–(3), where ĉnp is the cost that we would have observed for
path p at iteration n if we had chosen that path.
The key to handling large-scale problems (that is, where the space of possible measurements is extremely large) is to learn through some form of generalization. Fortunately, this
is almost always the case for large problems. One measurement provides information about
other measurements. However, there are diﬀerent ways in which this type of generalization can occur, and it will be necessary to take advantage of the properties of diﬀerent
applications.

4.4. Transition Functions
If there is a physical state Rt , we are going to assume we are given a function that describes
how this evolves over time, which we write as
Rt+1 = RM (Rt , xt , Wt+1 ).
RM (·) is called the “resource transition function.” In traditional dynamic models (where
the knowledge state is held constant), this would be the transition function, system model,
or simply “the model.” For our purposes, we do not need to get into the details of this
function, which can vary widely.
We assume that with each decision xt , we learn something that allows us to update our
state of knowledge. We represent this generically using
Kt+1 = K M (Kt , xt , Wt+1 ).
When we want to be really compact, we write the state variable as St = (Rt , Kt ) and
represent its transition function using
St+1 = S M (St , xt , Wt+1 ).
But we are more interested in the diﬀerent ways in which we update knowledge. Earlier,
we hinted at two views of the world: the frequentist view and the Bayesian view. Below, we
illustrate the knowledge transition function for both views.
4.4.1. The Frequentist View. The frequentist view is arguably the approach that is
most familiar to people with an introductory course in statistics. Here, we are going to
compute estimates of the mean and variance of costs using the standard formulas that we
ﬁrst illustrated in Equations (1)–(3). This time, however, we want to give the recursive forms
of these expressions.
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We make a slight shift in our earlier notation, letting θ̄xn be our estimate of the mean for
decision x after n observations, and σ̂x2, n be our estimate of the variance of the observations.
Finally, we let Nxn be the number of times we have observed decision x after n iterations. We
use the notational convention that we make the decision xn using the information available
at iteration n, but to be implemented for the n+1st iteration (before W n+1 becomes known).
This means we begin with decision x0 , which is made before the ﬁrst observation W 1 is
known. These statistics can be updated recursively using (starting with n = 1)
,
Nxn = Nxn−1 + xn−1
x


1
1


 1 − n θ̄xn−1 + n Wxn If xn−1
=1
x
N
N
n
x
x
θ̄x =
,


θ̄n−1
otherwise
x

Nn − 2
1

σ̂x2, n−1 + n (Wxn − θ̄xn−1 )2
 xn
Nx
σ̂x2, n = Nx − 1

 2, n−1
σ̂x

if xn−1
= 1 and Nxn ≥ 2,
x
if

xn−1
x

(5)
(6)

.

(7)

=0

Our state of knowledge is given by

n
Kfreq
= θ̄xn , σ̂x2, n , Nxn

x∈X

.

Equations (5)–(7) constitute a form of the knowledge transition function K M (·). We emphasize that σ̂x2, n is an estimate of the variance of Wx . Typically, we are more interested in the
variance of θ̄xn , which is calculated using
σ̄x2, n =

1 2, n
σ̂ .
Nxn x

In the frequentist view, we begin with no information about the state of the system. After
n observations, we have estimates of the mean of the observations Wx for each decision x,
and we have an estimate of the variance of our estimate θ̄xn , given by σ̄x2, n , which is based
on the noise in our observations Wxn . We would say that our knowledge of the mean and
variance is based on the frequency of observations from the data. In eﬀect, we are inferring
the degree to which the estimate of the mean, θ̄xn , would bounce around if we were to repeat
the experiment many times, allowing us to build up a frequency histogram of θ̄xn over the
experiments.
4.4.2. The Bayesian View. The Bayesian perspective casts a diﬀerent interpretation
on the statistics we compute, which is particularly useful in the context of optimal learning.
In the frequentist perspective, we do not start with any knowledge about the system before
we have collected any data. It is easy to verify from Equations (6) and (7) that we never use
θ̄0 or σ̂ 2,0 . By contrast, in the Bayesian perspective we assume that we begin with a prior
distribution of belief about the unknown parameters. So if µ is the true but unknown vector
of means for each of the possible decisions, we might say that, although we do not know
what these means are, we think they are normally distributed around µ0 with standard
deviation σ 0 . In this example, we are assuming that our initial distribution of belief is
normally distributed, in addition to the assumption that we know the mean and variance.
This distributional assumption is known as the Bayesian prior.
Bayesian analysis begins with a simple formula that everyone learns in their ﬁrst probability course. Given events A and B, the basic properties of conditional probability imply
P (A, B) = P (A | B)P (B) = P (B | A)P (A),
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which implies
P (B | A) =

P (A | B)P (B)
.
P (A)

This expression is famously known as Bayes theorem. In a learning setting, the event A
refers to a measurement, whereas B refers to the event that a parameter (say, the mean of
a distribution) takes on a particular value. P (B) refers to our initial (or prior) distribution
of belief about the unknown parameter before we make a measurement, and P (B | A) is the
distribution of belief about the parameter after the measurement. For this reason, P (B | A)
is known as the posterior distribution.
We can apply the same idea for continuous variables. We replace B with the event that
µ = u, and A with the event that we observed W = w. Let g(u) be our prior distribution of
belief about the mean µ, and let g(u | w) be the posterior distribution of belief about µ given
that we observed W = w. We then let f (w | u) be the distribution of the random variable W
if µ = u. We can now write our posterior g(u | w), which is the density of µ given that we
observe W = w, as
g(u | w) =

f (w | u)g(u)
,
f (w)

where f (w) is the unconditional density of the random variable W , which we compute using
f (w) =

u

f (w | u)g(u).

Equation (8) gives us the density of µ given that we have observed W = w.
We illustrate these calculations by assuming that our prior g(u) follows the normal distribution with mean µ0 and variance σ02 , given by
g(u) = √

1
1 (u − µ0 )2
exp −
.
2
σ02
2πσ0

We further assume that the observation W is also normally distributed with mean µ and
variance σ 2 , which is sometimes referred to as measurement or observation error. The conditional distribution f (w | u) is
f (w | u) = √

1
1 (w − u)2
.
exp −
2
σ2
2πσ

We can compute f (w) from f (w | u) and g(u), but it is only really necessary to ﬁnd the
density g(u | w) up to a normalization constant (f (w) is part of this normalization constant).
For this reason, we can write
g(u | w) ∝ f (w | u)g(u).
√
Using this reasoning, we can drop coeﬃcients such as 1/ 2πσ0 , and write



1 (u − µ0 )2
1 (w − u)2
exp −
,
g(u | w) ∝ exp −
2 σ 2
2  σ02
2
2
1 (w − u)
(u − µ0 )
∝ exp −
.
+
2
σ2
σ02

(8)

(9)

After some algebra, we ﬁnd that
g(u | w) ∝ exp − 12 β1 (u − µ1 )2 ,

(10)
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where
µ1 =

(αw + β0 µ0 )
,
α + β0

β1 = α + β0 .

(11)
(12)

The next step is to ﬁnd the normalization constant (call it K), which we do by solving
K

u

g(u | w) du = 1.

We could ﬁnd the normalization constant by solving the integral and picking K so that
g(u | w) integrates to 1, but there is an easier way. What we are going to do is look around
for a known probability density function with the same structure as (10), and then simply
use its normalization constant. It is fairly easy to see that (10) corresponds to a normal
distribution, which means that the normalization constant K = β1 /2π. This means that
our posterior density is given by
g(u | w) =

1
β1
exp − β1 (u − µ1 )2 .
2π
2

(13)

From Equation (13), we see that the posterior density g(u | w) is also normally distributed
with mean µ1 given by (11), and precision β1 given by (12) (it is only now that we see our
choice of notation µ1 and β1 in Equations (11) and (12) was not an accident). This means
that as long as we are willing to stay with our assumption of normality, that we need only
to carry the mean and variance (or precision). The implication is that we can write our
knowledge state as K n = (µn , βn ) (or K n = (µn , σn2 )), and that (11)–(12) is our knowledge
transition function.
Our derivation above was conducted in the context of the normal distribution, but we
followed certain steps that can be applied to other distributions. These include the following:
(1) We have to be given the prior g(u) and the conditional measurement distribution
f (w | u).
(2) We use Equation (8) to ﬁnd the posterior up to the constant of proportionality, as we
did in (9) for the normal distribution.
(3) We then manipulate the result in the hope of ﬁnding a posterior distribution, recognizing that we can discard terms that do not depend on u (these are absorbed into the
normalization constant). If we are lucky, we will ﬁnd that we have a conjugate family, and
that we end up with the same class of distribution we started with for the prior. Otherwise, we are looking for a familiar distribution so that we do not have to compute the
normalization constant ourselves.
(4) We identify the transition equations that relate the parameters of the posterior to
the parameters of the prior and the measurement distribution (as we did with Equations
(11)–(12)).
There are only a few special cases where the prior and the posterior have the same
distribution. When this is the case, we say that the distribution is a conjugate family. The
property that the posterior distribution is in the same family as the prior distribution is
called conjugacy. The normal distribution is unusual in that the conjugate family is the
same as the sampling family (the distribution of the measurement W ).
In some cases, we may impose conjugacy as an approximation. For example, it might be
the case that the prior distribution on µ is normal, but the distribution of the observation
W is not normal (for example, it might be nonnegative). In this case, the posterior may not
even have a convenient analytical form. But we might feel comfortable approximating the
posterior as a normal distribution, in which case we would simply use (11)–(12) to update
the mean and variance.
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4.5. Objective Functions
There are two dimensions to the design of an objective function. The ﬁrst dimension
addresses the question, what are we trying to achieve? At the heart of optimal learning
is that we are making measurements so that we can make better decisions. This means
we have to have some way to evaluate “better.” The second dimension addresses how we
are managing the economics of measurement and the evaluation of the solution. For this
dimension, we divide problems into two broad classes: online learning and oﬄine learning.
We begin by discussing diﬀerent methods for evaluating a solution.
4.5.1. Objectives. We assume that we have been collecting information using some policy π, which has put us in state S π . If we want to identify the best policy, we have to have
some measure of how well we are doing. There are three basic ways in which we do this:
• Maximizing a value or reward, or minimizing a cost or opportunity cost.
• Maximizing the likelihood of choosing the best of a set of choices.
• Finding the best ﬁt to a set of data.
Within these three broad classes, there are diﬀerent variations. We provide a list of examples
of objectives in §5.
4.5.2. Designing vs. Controlling. There are two broad settings in which optimal learning arises: (1) conducting a series of measurements to design a process or a system, where we
are restricted by some sort of a measurement budget; (2) controlling a system where we collect information as we are managing the system. We refer to the ﬁrst case as oﬄine learning
because the economics of measurement are separated from the economics of using the system
we have just designed. The second case is called online learning because we are operating
the system as we are observing it. Below we brieﬂy sketch how these objective functions
might be structured.
Oﬄine learning. There are many problems where we have a certain budget to ﬁnd the
best decision. There is a measurement cost C m (x) for a decision x. We let X π (S) represent
our policy for measuring x when we are in state S. Let S π be the state (physical state
and knowledge state) that results when we use measurement policy π. We wish to ﬁnd a
measurement policy that solves
 

(14)
max E max C(S π , y)  S0 .
π

y∈Y

We assume that y represents a vector of design variables, whereas x is our measurement
variables. For example, x may represent eﬀorts to determine the degree to which diﬀerent
parts of the population have been exposed to a virus, and y is a vaccination plan which
has to be solved subject to constraints that are captured by the feasible region Y. Our
measurements have to be made subject to a measurement budget, which we might state as
∞


C m (xn ) ≤ B.

(15)

n=1

Of course, we assume that we stop measuring after our budget has been consumed. For
many problems, C m (x) = 1, and the budget B represents a limit on the number of iterations
(or time periods) that we are allowed to use for measurement. C(S π , x) represents the
optimization problem we will solve after we have completed our measurements, given our
“state of knowledge” S π , which results from our policy for collecting information.
There are important variations of this problem if we introduce risk aversion (which penalizes potentially poor solutions) or a minimax objective, where we maximize the worst case.
Online learning. Let C(S, x) be a contribution (or reward, or utility) that we earn if
we are in state S and choose action x. Remember that S captures our state of knowledge
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(in other applications, S would also include the physical state of the system). We make a
decision xn based on our state of knowledge (S n ), where we receive a reward C(S n , xn ). Let
X π (S) be the policy we use to choose the action x. We would like to ﬁnd a policy to solve


N
n
π
n
max E
C(S , X (S )) .
π∈Π

(16)

n=0

Because we are solving the problem over multiple time periods, we have an incentive to
explore certain decisions now so that we may make better decisions in the future. However,
we have to pay for those decisions as they are made in the form of reduced rewards.

5. Objectives
Below we provide an indication of some objectives we might use. Perhaps not surprisingly,
there is a vast range of possible objectives that we might use. This discussion simply hints
at the diversity of perspectives.

5.1. Expected Value
Assume we have a set of choices x ∈ X (paths in a network, component designs, cancer
drugs). If we take a frequentist view, our estimate of the value of choice x after one or more
measurements is given by θ̄xπ . The frequentist view evaluates the quality of the solution by
making using the estimates to make a decision, as in
x∗ = arg max θ̄xπ .
x∈X

(17)

The quality of the decision is then evaluated by assuming a particular truth µ, giving us

π
Vfreq
(18)
(µ) = EπW max µx .
x∈X

Here, the expectation EW is over all possible measurements we might make. The best way to
think of calculating this is to ﬁx our measurement policy and the true value µ, then perform
10,000 samples of observations from following this policy, and then take an average. The
only source of noise is in the randomness of the observations.
In a Bayesian view, we would follow a measurement policy π to obtain a distribution
of the mean (we continue to assume it is normally distributed), which can represent as
N (µπ , (σ 2 )π ). Here, µπ is the same as θ̄π in that is our estimate of the mean based on the
same information W . Instead of assuming a particular truth µ as we did with the frequentist
view, the Bayesian view assumes that we start with a distribution of belief about µ0 before
we have taken any measurements. Under this framework, we would evaluate a policy using

π
VBayes
(19)
= Eπµ0 , W max µπx .
x∈X

Here, the expectation is over the prior distribution of µ0 = (µ0x )x∈X , and the measurements W . The diﬀerence between the frequentist and Bayesian views is that the frequentist
assumes a truth, whereas the Bayesian takes an expectation over a prior distribution of
belief about the possible truths. This means that
π
π
= Eµ0 Vfreq
(µ0 ).
VBayes

Regardless of whether we are using Bayesian or frequentist perspectives, we would write the
problem of ﬁnding the best policy as
V ∗ = max V π .
π
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Often, maximizing over a set of policies involves simply comparing two policies. For example, perhaps our current method for running experiments (call it policy π1 ) is to test each
x ∈ X ﬁve times and take an average (which is to say that we are using frequentist updating). We then ﬁnd the best value of x by choosing the one that produces the highest value
of θ̄xπ1 , which means we are computing
V π1 = θ̄xππ11 .
This is a natural way to evaluate a policy. We could then propose another policy π2 and
evaluate it the same way, and then choose the best policy based on a comparison of V π1
and V π2 . Of course, we would want to compute statistical conﬁdence intervals around these
two estimates to know if they are statistically diﬀerent.
It is very common to minimize the opportunity cost, which measures how much worse we
are doing than the optimal (whether we are minimizing or maximizing). The opportunity
cost is typically viewed presented as a loss function. The frequentist version of the loss
function would be written
π
Lπfreq | W π (ω) = EW
{µ∗ − µx∗ },

where
x∗ = arg max θ̄xπ .
x∈X

π

L is the conditional loss function given measurements W π (ω) when the data is measured
using policy π. The expected opportunity cost is the expectation of the conditional loss
function
Lπfreq = EπW Lπfreq | W π .
The Bayesian LπBayes is deﬁned similarly.

5.2. Probability of Correct Selection
A diﬀerent perspective is to focus on the probability that we have selected the best out of
a set X alternatives. In this setting, it is typically the case that the number of alternatives
is not too large, say 10 or 20, and certainly not 10,000. Assume that

x∗ = arg max
µx
x∈X

x∈X

is the best decision (for simplicity, we are going to ignore the presence of ties). If we are
using a frequentist perspective, we would make the choice
xn = arg max θ̄xn .
x∈X

In a Bayesian framework, we would use
xn = arg max µnx .
x∈X

Either way, we have made the correct selection if xn = x∗ , but even the best policy cannot
guarantee that we will make the best selection every time. Let 1{E} = 1 if the event E is
true, 0 otherwise. We write the probability of correct selection as
P CS , π = probability we choose the best alternative
= Eπ 1{xn =x∗ } ,
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where the underlying probability distribution depends on our measurement policy π. The
probability is computed using the appropriate distribution, depending on whether we are
using Bayesian or frequentist perspectives. This may be written in the language of loss
functions. We would deﬁne the loss function as
LCS , π = 1{xn =x∗ } .
Although we use LCS , π to be consistent with our other notation, this is more commonly
represented as L0-1 for “0-1 loss.”
Note that we write this in terms of the negative outcome so that we wish to minimize the
loss, which means that we have not found the best selection. In this case, we would write
the probability of correct selection as
P CS , π = 1 − Eπ LCS , π .

5.3. Indiﬀerence Zone Selection
A variant of the goal of choosing the best is to maximize the likelihood that we make a choice
that is almost as good as the best. Assume we are equally happy with any outcome within δ
of the best. This is referred to as the indiﬀerence zone. Let V n, π be the value of our solution
after n measurements. We require Pπ {µd∗ = µ∗ | µ} > 1 − α for all µ where µ[1] − µ[2] > δ,
and where µ[1] and µ[2] represent, respectively, the best and second best choices.
We might like to maximize the likelihood that we fall within the indiﬀerence zone, which
we can express using
P IZ , π = Pπ (V n, π > µ∗ − δ).
As before, the probability has to be computed with the appropriate Bayesian or frequentist
distribution.

5.4. Least Square Error
A diﬀerent form of loss function arises when we want to ﬁt a function to a set of data. In
this setting, we think of “x” as a set of independent variables that we choose directly or
indirectly. For example, we may be able to choose x directly when ﬁtting a linear regression
of the form
Y (x) = θ0 x0 + θ1 x1 + θ2 x2 + · · · + θI xI + ,
= θx + ,,
where Y is the observed response and , is the random error explaining diﬀerences between
the linear model and the responses. We choose it indirectly when our regression is in the
form of basis functions, as in

Y (x) =
θf φf (x) + ,.
f ∈F

Classical linear regression assumes that we are given a set of observations, which we use to
ﬁt a model by choosing θ. Let
Y n+1 = θxn + ,n+1 ,
where θ is the true set of parameters. Our indexing reﬂects our requirement that xn be
chosen before we observe ,n+1 . Our measure of performance is given by
F (Y (N +1) , x(N ) | θ̄) =

N

n=1

(Y n+1 − θ̄xn )2 ,
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which is the sample sum of squares given measurements x(N ) = (x0 , . . . , xN ) and observations
Y (N +1) = (Y 1 , . . . , Y N +1 ). Ordinary least squares regression ﬁts a model by ﬁnding
θ̄N +1 = arg min F (Y (N +1) , x(N ) | θ̄).
θ̄

Let F ∗ (Y (N +1) , x(N ) ) = F (Y (N +1) , x(N ) | θ̄N +1 ) be the optimal solution given Y (N +1)
and x(N ) . Sequential estimation starts with θ̄n , then measures xn , and ﬁnally observes Y n+1
from which we compute θ̄n+1 . This can be done easily using recursive least mean squares
(which is a special case of the Kalman ﬁlter), given by
θ̄n+1 = θ̄n − H n xn (θ̄n xn − Y n+1 ),
where H n is an I × I scaling matrix that is computed recursively (see Powell [26], §7.3).
Our focus is on choosing the measurements xn . Classical experimental design assumes
that we choose (xn )N
n=0 ﬁrst and then ﬁt the model. This is sometimes referred to as batch
design because the entire sample is chosen ﬁrst. This is equivalent to solving
min EF ∗ (Y (N +1) , x(N ) ),
x(N )

where the expectation is over the random variables in Y (N +1) .
Our interest is in sequential design, where we choose xn given our state S n , which includes
n
θ̄ and the information we need to update θ̄n . In a sequential learning problem, we have
to use some basis for determining how well we have done. In our optimization problems,
we want to maximize our expected contribution. This optimization problem determines
the values of x that are most interesting. In the area of adaptive estimation, we have to
specify the values of x that are most likely to be interesting to us, which we designate by
a density h(x), which has to be speciﬁed. In an oﬄine learning environment, we want to
choose x1 , . . . , xn , . . . , xN according to a policy π to solve
min E
π

x

(Y (x) − θ̄π x)2 h(x) dx,

where Y (x) is the random variable we observe given x, and where θ̄π is the value of θ̄
produced when we select xn according to π, and when we estimate θ̄ optimally.
This formulation requires that we specify the domain that interests us most through the
density h(x). An illustration of the density function arises when we are trying to sample
nuclear material over a border or in a region. For such cases, h(x) might be the uniform
density over the region in question. When we solve online and oﬄine optimization problems,
we do not have to specify h(x) explicitly. The optimization problem (e.g. (16)) determines
the region within X that is of greatest interest.

5.5. Entropy Minimization
Entropy is a measure of uncertainty that can be used for numeric and nonnumeric data.
Imagine that we are trying to estimate a parameter µ that we know with uncertainty. If our
distribution of belief about µ is continuous with density f (u), a measure of the uncertainty
with which we know µ is given by the entropy of f (u), given by
H(µ) = −

u

fu log(fu ) du.

The logarithm is typically taken with base 2, but for our purposes, the natural log is ﬁne.
The entropy is largest when the density is closest to the uniform distribution. If the entropy
is zero, then we know µ perfectly. Thus, we can try to take measurements that reduce the
entropy of the distribution that describes our knowledge about a parameter.
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6. Measurement Policies
Central to the concept of optimal learning is a measurement policy. This is a rule that tells
us which action x we should take next in order to observe something new. In addition, we
may also be receiving rewards or incurring costs, which have to be balanced against the
value of the information being gained.

6.1. Deterministic vs. Sequential Policies
Before we begin our presentation, it is important to make a distinction between what we
will call deterministic policies and sequential policies. In a deterministic policy, we decide
what we are going to measure before we begin making any measurements. For example, a
business may decide to perform four market research studies in diﬀerent parts of the country
before ﬁnalizing the pricing and advertising strategy in a full roll-out to the entire country.
The decision to do four studies (and their locations) is made before we have any information
from any of the studies.
Most of our interest is in sequential policies, where the decision of what to measure next
may depend on past measurements. For example, when we are trying to ﬁnd the shortest
path, we may decide to continue sampling a path if it remains competitive, or give up on a
path if the observed travel times are simply too long.

6.2. Optimal Sequential Policies
We begin by providing a framework for at least conceptualizing an optimal measurement
policy. As before, we let S n be the state of our system (physical state and knowledge state)
after n measurements. The transition equations are as described in §4.4. Let V (S n ) be the
value of being in state S n , and let S n+1 = S M (S n , xn , W n+1 ) be the next state if we choose
xn (which may change both the physical state and the knowledge state). C(S n , x) captures
our total reward, minus any measurement costs, from being in state S n and taking action x.
Assume we wish to maximize the total discount reward, with discount factor γ. Bellman’s
equation characterizes the optimal action using

V (S n ) = max C(S n , x) + γE{V (S n+1 ) | S n } .
(20)
x

n

We let x represent the optimal solution to (20). We let X ∗ (S) be the complete mapping
of states S ∈ S to actions x ∈ X , where X describes the set of feasible actions. We refer to
the function X ∗ (S) as the optimal policy if it describes the solution to (20) for all states
S n ∈ S.
It may be mathematically comforting to characterize the optimal policy, but Equation (20)
is virtually impossible to solve, even for very small problems. Even if the physical state is
simple (or nonexistent), the simplest knowledge state uses at least one continuous variable
for each action x. Calculating a value function with as few as two continuous dimensions
can, in practice, be quite a challenge. Needless to say, we do not have very many problems of
practical signiﬁcance that meets this modest criterion. Not surprisingly, the ﬁeld of optimal
learning consists primarily of ﬁnding shortcuts or, failing this, good heuristics.

6.3. Heuristic Policies
Our goal, ultimately, is to ﬁnd the best possible policies for learning. The reality, however,
is that most of the time we are happy to ﬁnd good heuristics. Below are some popular
methods that have been suggested for problems that are typically associated with discrete
selection problems, which is to say that the set of measurement decisions is discrete and
“not too large.” We will assume that x is a measurement decision, and that the set of choices
X = (1, 2, . . . , M ), where M is on the order of 10 to perhaps thousands, but probably not
millions.
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We will illustrate the policies assuming a Bayesian framework, although the same ideas
can be adapted to a frequentist perspective. We let µnx be our estimate of the value of
decision x after iteration n, and we let βxn be the precision (inverse variance). Let Wxn be
our observation if xn−1 = x. We update the mean and the precision only if we sample x, so
our updating equations would look like
 n−1 n−1
W
n

 βx µx + β Wx if xn−1 = x
βxn−1 + β W
(21)
µnx =

µn−1
otherwise,
x

βxn−1 + β W if xn−1 = x
βxn =
(22)
βxn−1
otherwise.
The reader may wish to compare these equations to (11) and (12), where we derived the
Bayesian updating scheme for the mean and precision.
6.3.1. Pure Exploration. A pure exploration strategy might sample a decision xn = x
with probability 1/M (the probabilities do not have to be the same—they just have to be
strictly positive). We would only use a pure exploration policy if we were focusing purely on
estimating the value of each choice, as opposed to making a good economic decision. If we
really are trying to ﬁnd the best value of µx , a pure exploration strategy means that we
would spend a lot of time measuring suboptimal choices.
6.3.2. Pure Exploitation. Exploitation means making the best decision given our current set of estimates (we are “exploiting” our knowledge). So, after iteration n, we would
next measure
xn = arg max µnx .
x∈X

This strategy would seem to focus our energy on the options that appear to be the best.
However, it is very easy to get stuck measuring choices that seem to be the best, especially
when we simply had some bad luck measuring the better choices.
6.3.3. Mixed Exploration and Exploitation. A simple strategy that avoids the limits
of pure exploration and pure exploitation is to use a mixed strategy, where we explore with
probability ρ (known as the exploration rate) and we exploit with probability 1 − ρ. The
value of ρ has to be tuned for each application.
6.3.4. Epsilon-Greedy Exploration. The problem with a mixed exploration/exploitation strategy with ﬁxed ρ is that the correct balancing of exploration and exploitation
changes with the number of iterations. In the beginning, it is better to explore. As we build
conﬁdence in our estimates, we would prefer to exploit more. We can do this by using an
exploration probability ρn at iteration n given by Singh et al. [30]:
ρn = ,n ,
where ,n is a declining series of numbers that has to ensure that in the limit, each measurement is chosen an inﬁnite number of times. We do this by setting
,n = c/n
for 0 < c < 1. If we explore, we would choose measurement x with probability 1/|X |. This
means that in the limit, the number of times we will measure x is given by
∞

c
= ∞.
n|X
|
n=1
This assures us that we will estimate each measurement x perfectly, but as the measurements
progress, we will spend more time measuring what we think are the best choices.
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6.3.5. Boltzmann Exploration. A diﬀerent strategy for balancing exploration and
exploitation is known as Boltzmann exploration. With this strategy, we sample measurement
x with probability ρnx given by
exp (ρµnx )
n .
x ∈X exp (ρµx )

ρnx = 

This policy is also known as the soft max. If ρ = 0, we are going to sample each measurement
with equal probability (pure exploration). As ρ → ∞, we will sample the measurement with
the highest value of µn with probability 1 (pure exploitation). In between, we explore the
better options with higher probability. Furthermore, we can make ρ increase with n (which
is typical), so that we explore more in the beginning, converging to a pure exploitation
strategy.
A limitation of Boltzmann exploration, especially for applications with a large number of
measurements, is that computing these probabilities can be fairly expensive.
6.3.6. Interval Estimation. Imagine that instead of choosing a measurement that we
think is best, we will choose a measurement that we think might eventually be best if we
were to take enough measurements. With this idea, we might construct a conﬁdence interval
and then value an option based on the upper limit of, say, a 95th conﬁdence interval. Letting
α be our conﬁdence level and denoting by zα/2 the standard normal deviate leaving α/2 in
the upper tail, our upper limit would be
νxn = µnx + zα/2 σ̄xn ,
where σ̄xn = 1/ βxn is our estimate of the standard deviation of µnx . When we use an interval
exploration policy, ﬁrst introduced by Kaelbling [21], we choose the measurement xn with
the highest value of νxn .
Although the interpretation as the upper limit of a conﬁdence interval is appealing, the
conﬁdence level α carries no particular meaning. Instead, zα/2 is simply a tunable parameter.
Experimental evidence reported in Kaelbling [21], as well as our own, suggest values of
zα/2 around 2 or 3 works best for many applications. Our experimental work suggests that
interval exploration is not only extremely easy to use, it also works quite well (assuming
zα/2 has been properly tuned). But it is not provably convergent, and in fact it is known to
occasionally become stuck when a good solution has received a few bad observations.

7. Stopping Problems
Stopping problems are a simple but important class of learning problems. In this problem
class, information arrives over time, and we have to choose whether to view the information
or stop and make a decision. Unlike the problems we describe below, in this problem class
we have no control over the information that arrives to us. We only control whether we
continue to view the information, or stop and make a decision.
Stopping problems represent a rich problem class. We use a classic problem from the
literature known as the secretary problem, ﬁrst introduced by Cayley [4], which involves the
challenge of interviewing a sequence of candidates for a secretarial position, but it can also
be applied to reviewing a series of oﬀers for an asset (such as selling your house or car).
The problem involves the tradeoﬀ between observing candidates (which allows us to collect
information) and making a decision (exploiting the information).
Assume that we have N candidates for a secretarial position. Each candidate is interviewed
in sequence and assigned a score that allows us to compare him or her to other candidates.
Although it may be reasonable to try to maximize the expected score that we would receive,
in this case, we want to maximize the probability of hiring the best candidate out of the
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entire pool. We need to keep in mind that if we stop at candidate n, then we would not
have even interviewed candidates n + 1, . . . , N .
Let
ωn = 
Score


1
n
S = 0


∆

of the nth candidate.
If the score of the nth candidate is the best so far,
if the score of the nth candidate is not the best so far,

if we have stopped already.
S = State space, given by (0, 1, ∆), where the states 0 and 1 mean that
we are still searching, and ∆ means we have stopped the process.
X = {0(continue), 1(quit)}, where “quit” means that
we hire the last candidate interviewed.

Because the decision function uses the most recent piece of information, we deﬁne our
history as
hn = {ω 1 , . . . , ω n }.
To describe the system dynamics, it is useful to deﬁne an indicator function

1 if ω n = max {ω m }
1≤m≤n
I n (hn ) =
0 otherwise,
which tells us if the last observation is the best. Our transition function can now be given by

I n (hn ) if xn = 0 and S n = ∆
n+1
S
=
∆
if xn = 1 or S n = ∆.
To compute the one-step transition matrix, we observe that the event the (n + 1)st applicant
is the best has nothing to do with whether the nth was the best. As a result, we can write
the conditional probability that I n+1 (hn+1 ) = 1 using
P[I n+1 (hn+1 ) = 1 | I n (hn )] = P[I n+1 (hn+1 ) = 1].
This simpliﬁes the problem of ﬁnding the one-step transition matrix. By deﬁnition we have
P[S n+1 = 1 | S n , xn = 0] = P[I n+1 (hn+1 ) = 1].
I n+1 (hn+1 ) = 1 if the (n + 1)st candidate is the best out of the ﬁrst n + 1, which clearly
occurs with probability 1/(n + 1). So
1
,
n+1
n
P(S n+1 = 0 | S n , xn = 0) =
.
n+1

P(S n+1 = 1 | S n , xn = 0) =

Our goal is to maximize the probability of hiring the best candidate. So, if we do not hire the
last candidate, then the probability that we hired the best candidate is zero. If we hire the
nth candidate, and the nth candidate is the best so far, then our reward is the probability
that this candidate is the best out of all N . This probability is simply the probability that
the best candidate out of all N is one of the ﬁrst n, which is n/N . So, the conditional reward
function is

n/N If S n = 1 and xn = 1,
n
n n
n
C (S , x | h ) =
0
otherwise.
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With this information, we can now set up the optimality equations
V n (sn ) = max
E{C n (sn , xn | hn ) + V n+1 (S n+1 ) | sn }.
n
x ∈X

It is possible to show (see Puterman [27]) that if we have N candidates to interview, that
we should interview m before oﬀering anyone the job. The ﬁrst m candidates, then, are used
to learn something about the quality of the candidates. After interviewing m candidates,
then the best strategy is to take the ﬁrst candidate who is the best candidate interviewed so
far (including the ﬁrst m). It is possible, of course, that in the remaining N − m candidates,
we never ﬁnd anyone as good as the best of the ﬁrst m. In this case, we simply hire the last
candidate interviewed.
It turns out that the optimal value of m satisﬁes ln(N/m) = 1 or N/m = e or m/N =
e−1 = 0.368. So, for large N , we want to interview 37% of the candidates, and then choose
the ﬁrst candidate that is the best to date.
The secretary problem is an example of a deterministic policy. Our decision of how much
information to collect can be solved before we have observed any of the candidates.

8. Multiarmed Bandit Problems
One of the best known problems in information collection is known as the multiarmed bandit
problem. The story that motivates the problem trivializes its importance. Assume you are
facing the problem of playing M slot machines. Now pretend that if you play slot machine m
n
at iteration n, you receive random winnings Wm
. Further assume that the expected winnings
for machine m, given by µm , is unknown and diﬀerent for each machine. We would like to
estimate µm , but the only way we can do this is by trying the slot machine and collecting
a random observation of Wm . The problem is identical to our little transportation problem
that we ﬁrst introduced in §2.1, but the problem is known formally in the literature as the
multiarmed bandit problem.
The basic idea is to choose an arm m (which means xnm = 1), after which we observe the
n+1
winnings Wm
. We update our estimate of the mean using either a frequentist framework
(Equations (5)–(7)) or a Bayesian framework (Equations (21)–(22)).
In §6.2, we presented a dynamic program that provided a framework for solving any
measurement problem optimally. We also argued that it is virtually impossible to solve
optimally, and that we generally look for shortcuts and good heuristics. The multiarmed
bandit problem is one of those problems that can be solved optimally, using a clever shortcut
credited to J.C. Gittins (Gittins and Jones [17], Gittins [15, 16]). Gittins found that instead
of solving the dynamic program with the multidimensional state variable, it was possible to
characterize the optimal solution using something known as an “index policy.” This works by
n
n
computing an index νm
for each option m at each iteration n. The index νm
is computed by
n
solving M one-dimensional problems. The index policy works by ﬁnding m∗ = arg maxm νm
,
∗
which is to say the machine m that corresponds to the largest index. Thus, instead of
solving a single M -dimensional problem, we have to solve M one-dimensional problems.

8.1. Basic Theory of Gittins Indices
The idea behind Gittins indices works as follows. Assume that we are playing a single slot
machine, and that we have the choice of continuing to play the slot machine or stopping
and switching to a process that pays a reward ρ. If we choose not to play, we receive ρ, and
then ﬁnd ourselves in the same state (because we did not collect any new information). If we
choose to play, we earn a random amount W , plus we earn E{V (S n+1 , ρ) | S n }, where S n+1
represents our new state of knowledge resulting from our observed winnings. For reasons
that will become clear shortly, we write the value function as a function of the state S n+1
and the stopping reward ρ.
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(23)

The ﬁrst choice represents the decision to receive the ﬁxed reward ρ, whereas in the second
we get to observe W n+1 (which is random when we make the decision). When we have
to choose xn , we will use the expected value of our return if we continue playing, which
is computed using our current state of knowledge. So, E{W n+1 | S n } = θ̄n , which is our
estimate of the mean of W given what we know after the ﬁrst n measurements.
If we choose to stop playing at iteration n, then S n does not change, which means we earn
ρ and face the identical problem again for our next play. This means that once we decide to
stop playing, we will never play again, and we will continue to receive ρ (discounted) from
now on. The inﬁnite horizon, discounted value of this reward is ρ/(1 − γ). This means that
we can rewrite our optimality recursion as


ρ
V (S n , ρ) = max
, E{W n+1 + γV (S n+1 , ρ) | S n } .
(24)
1−γ
Here is where we encounter the magic of Gittins indices. Let ν be the value of ρ that makes
us indiﬀerent between stopping and accepting the reward ρ (forever), versus continuing to
play the slot machine. That is, we wish to ﬁnd ν that satisﬁes
ν
= E{W n+1 + γV (S n+1 , ρ) | S n }.
1−γ

(25)

ν depends on the state S. If we use a Bayesian perspective and assume normally distributed
rewards, we would use S n = (µn , σ 2, n ) to capture our distribution of belief about the true
mean µ. If we use a frequentist perspective, we would let our estimate of the means be
n M
the vector θ̄n = (θ̄m
)m=1 , our estimate of the variances of W would be the vector σ 2, n =
2, n M
n
(σm )m=1 , and the number of observations for each machine would be given by Nm
. This
n
n
2, n
n
means our state variable is S = (θ̄ , σ , N ). We would ﬁnd the Gittins index ν for each
n
n
machine, which means we would represent the index as νm
= νm (Sm
). Gittins showed that
n
the optimal policy is to play the slot machine with the highest value of νm
.

8.2. Gittins Indices for Normally Distributed Rewards
Now assume that the rewards are normally distributed with known mean µ and variance σ 2 .
Gittins showed (Gittins [16]) that the indices could be computed using
νm (θ̄n , σ 2, n , n) = θ̄n + Γ(n)σ n ,

(26)

where Γ(n) = ν(0, 1) is the Gittins index if the mean is 0 and the variance is 1 (this is sort
of a “standard normal” Gittins index). So, although computing Gittins indices is a pain, we
only have to do it for a single mean and variance and then use (26) to translate it to other
distributions (this only works for normally distributed rewards). Table 1 provides Γ(n) for
both known and unknown variance cases, for discount factors of 0.95 and 0.99.

8.3. Approximating Gittins Indices
Finding Gittins indices is somewhat like ﬁnding the cumulative standard normal distribution. It cannot be done analytically, and requires instead a fairly tedious numerical calculation. We take for granted the existence of nice functions built into most programming
languages for computing the cumulative standard normal distribution, for which extremely
accurate polynomial approximations are available. In Excel, this is available using the function NORMINV.
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Table 1. Gittins indices Γ(n) for the case of observations that are normally distributed with mean 0 and variance 1 (from Gittins [16]).
Discount factor
Known variance
Observations
1
2
3
4
5
6
7
8
9
10
20
30
40
50
60
70
80
90
100

Unknown variance

0.95

0.99

0.95

0.99

0.9956
0.6343
0.4781
0.3878
0.3281
0.2853
0.2528
0.2274
0.2069
0.1899
0.1058
0.0739
0.0570
0.0464
0.0392
0.0339
0.0299
0.0267
0.0242

1.5758
1.0415
0.8061
0.6677
0.5747
0.5072
0.4554
0.4144
0.3808
0.3528
0.2094
0.1520
0.1202
0.0998
0.0855
0.0749
0.0667
0.0602
0.0549

—
10.1410
1.1656
0.6193
0.4478
0.3590
0.3035
0.2645
0.2353
0.2123
0.1109
0.0761
0.0582
0.0472
0.0397
0.0343
0.0302
0.0269
0.0244

—
39.3343
3.1020
1.3428
0.9052
0.7054
0.5901
0.5123
0.4556
0.4119
0.2230
0.1579
0.1235
0.1019
0.0870
0.0760
0.0675
0.0608
0.0554

Such functions do not exist for Gittins indices, but a reasonably good approximation has
been developed by Brezzi and Lai [3]. We are going to use the adaptation given in Yao [31],
which provides both lower and upper bounds, as well as a correction term that adjusts for
the fact that the approximation given by Brezzi and Lai [3] is for continuous time problems,
whereas the bandit problem is discrete time. The approximation works by ﬁrst computing
β = discrete time discount factor,
c = continuous time discount factor,
= − ln(β),
n = iteration,
s = (nc)−1 .
Note that we use n = 1 for the ﬁrst iteration (when there are no observations), n = 2 for the
second iteration (when there is one observation), and so on. Brezzi and Lai [3] estimated
the following approximation:

s/2
s ≤ 0.2,








0.2 < s ≤ 1,
0.49 − 0.11s−1/2




Ψ(s) = 0.63 − 0.26s−1/2
1 < s ≤ 5,






5 < s ≤ 15,
0.77 − 0.58s−1/2






{2 ln s − ln ln s − ln 16π}1/2 s > 15.
Yao [31] then presents the following approximate lower bound for the Gittins index, given by
 


0.583n−1
1
1
−√
ΓLB (n) = √ Ψ
.
(27)
nc
n
1 + n−1
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The second term involving the coeﬃcient 0.583 is the correction term that adjusts for the
fact that the bandit problem is discrete time, whereas the approximation by Brezzi and
Lai [3] is for continuous time.
An approximate upper bound on the Gittins index is given by


1
0.583n−1
,
(28)
s/2 − √
ΓUB (n) = √
n
1 + n−1
which is the same as the lower bound except that we use Ψ(s) = s/2 for all s. A reasonable
approximation for the Gittins index is then found by simply averaging the approximate
upper and lower bounds, giving us
Γ(n) ≈ (ΓLB (n) + ΓUB (n))/2.
For example, consider a problem where β = 0.90, which means that our reward after n iterations is discounted back by β n . The continuous discount factor is given by c = − ln(β) =
− ln(0.10) = 0.10536. If we have performed n = 10 observations, we compute the parameter
s = 1/(nc) = 1/(10 ∗ 0.10536) = 0.94912. We see that s is between 0.2 and 1, so Ψ(s) =
0.37709. We use this to compute the approximate lower bound, giving us ΓLB = 0.06366.
The approximate upper bound is easily computed to be 0.16226. Averaging the approximate
lower and upper bounds give us an estimate of the Gittins index of Γ(10) ≈ 0.11296.
Figure 3 shows the exact and approximate Gittins indices for β = 0.95 (the lower two
lines) and for β = 0.99 (the upper two lines). For both cases, the approximation is quite
accurate for n ≥ 10, and the accuracy is quite good for β = 0.95 and below. For β = 0.99, we
see a fairly large error when the number of observations is less than 5, although in practice
this would have little eﬀect.
The upper and lower bounds match as β → 0 or n → ∞ because in both cases s → 0,
giving Ψ(s) = s/2 (in this case, the two bounds are the same).

8.4. Remarks
The multiarmed bandit problem is an online problem, which means that we incur the
costs/rewards as we are collecting information. We do not have the concept of measuring
(or training), after which we use what we learned (without any further learning). Another
signiﬁcant characteristic of bandit problems is that it must be posed as an inﬁnite horizon,
discounted problem. Comparable results do not exist for ﬁnite horizon problems, although
this does not prevent us from applying the concept heuristically.
Figure 3. Exact vs. approximation for Gittins indices for discount factors β = 0.95 and 0.99.
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It is useful to compare Gittins indices with interval estimation. The Gittins index is
computed using
G, n
n
n
= θ̄m
+ Γ(n)σm
.
νm

(29)

n
n
is an estimate of the standard deviation of Wm . As n → ∞, σm
→ σm , the true
Here, σm
standard deviation for Wm . By contrast, interval estimation uses the index
IE, n
n
n
= θ̄m
+ zα/2 σ̄m
,
νm

(30)

n
σ̄m

n
n , which is an estimate of the standard deviation of
where
= σm
/ Nm
n
As n → √
∞, σ̄m → 0. The two methods should perform comparably if Γ(n)

the estimate θ̄n .
declines roughly
with 1/ n. Of course, interval estimation does not provide any guidance with respect to
the choice of z√
α/2 , which remains a tunable parameter. But if we choose zα/2 = Γ(1), we
ﬁnd that zα/2 / n is, in fact, a rough approximation of Γ(n) (but not nearly as good as the
approximation we provide above).
It is important to realize that using Gittins indices does not produce an algorithm that
guarantees that we will eventually ﬁnd the optimal solution. It is quite possible that, even
in the limit, we will become stuck at a suboptimal solution. This is surprising to some,
because Gittins indices are “optimal.” But they are optimal in the sense of maximizing
the discounted rewards, which means we care quite a bit how much we earn in the early
iterations. This result should be contrasted with our “provably optimal” stochastic gradient
algorithm described in §3. This algorithm guarantees that limn→∞ xn → x∗ . However, the
algorithm provides no guarantees how long it will take to reach the optimal solution (or
even anything close to it). By contrast, Gittins indices focuses on getting to a good solution
quickly, but there is no guarantee at all that we will eventually reach the optimal solution.

9. Ranking and Selection Problems
Ranking and selection problems are the oﬄine version of multiarmed bandit problems.
Assume that we have m = (1, 2, . . . , M ) possible “designs.” A design might be a type of
cholesterol drug (we want the one that lowers cholesterol the most), the parameters of
a chemical process (e.g. temperature, relative mix of certain inputs), or the design of a
manufacturing process (choice of equipment). Testing a design might involve running a timeconsuming computer simulation, or it might require a physical experiment. We assume that
in either case, the measurement involves some noise, which means we may need to repeat
the experiment several times. We assume that we have a budget that determines how many
times we can perform these experiments, after which we have to take the best design and
live with it. This means we match the model described in §4.5.2 for oﬄine learning.
With online learning, we have to live with the rewards we receive while we are measuring.
The emphasis is on rate of convergence, where we wish to maximize the discounted rewards
earned. Our horizon is determined entirely by the discount factor. With oﬄine learning,
we have a design phase after which we have to live with the results. The design phase
is conducted subject to some sort of budget constraint, after which we are interested in
the quality of the solution. The simplest budget constraint is a limit on the number of
iterations, but other applications may involve physical measurements, where the cost may
even depend on what is being measured. For example, we may want to design a plan to
distribute antivirals to protect against ﬂu outbreaks, but we have to send out a team of
medical technicians (e.g. nurses) to measure the spread of the disease in various regions.
Travel costs can vary widely, creating incentives to collect information that is less expensive.
As with the bandit problems, the optimal policy for ranking and selection problems is
characterized by the dynamic program given in §6.2. Unfortunately, we do not have a result
comparable to Gittins indices to provide a practical solution. Just the same, we retain an
interest in simple rules and procedures that we can use to provide guidance. This is handled
through an idea known as the knowledge gradient (KG; also known as the expected value
of information).
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9.1. Overview of Methods
Much of the work on ranking and selection poses the problem within the indiﬀerence zone
formulation, in which policies are required to meet a condition on the (frequentist) probability of correct selection. Recall from §5.2 that the probability of correct selection is the
probability that we fail to correctly identify the best design after our sampling is complete.
Understood from the frequentist viewpoint, we ﬁx the underlying and unknown true design
values when we compute this probability, rather than averaging over them according to a
prior as we would in a Bayesian setting. Achieving a large probability of correct selection
is more diﬃcult on some of these design value conﬁgurations than on others and, in particular, identifying the best design is more diﬃcult if its true value is closer to those of
the other designs. With this insight in mind, we choose parameters α > 0 and δ > 0 and
give the name “indiﬀerence zone” to those design value conﬁgurations for which the best
design is no more than δ better than the second best. We then say that a policy meets the
α, δ indiﬀerence zone criterion if this policy’s probability of correct selection is greater than
1 − α for every design conﬁguration outside the indiﬀerence zone. This requirement may
then be understood as a worst-case requirement over all the design conﬁgurations outside
the indiﬀerence zone.
We will not discuss indiﬀerence zone procedures in detail here, but an excellent review of
the earlier work on the indiﬀerence zone formulation may be found in Bechhofer et al. [1],
and for a comprehensive discussion of later work see Bechhofer et al. [2]. Much of this
work is on two-stage and multistage procedures, which decide at the beginning of each
stage how many samples to take from each design in that stage. A classic algorithm of
this type is the two-stage procedure in Rinott [29], and an improved two-stage procedure
can be found in Nelson et al. [23]. Fully sequential procedures have also been developed in
Paulson [24], Hartmann [19], Paulson [25], Kim and Nelson [22]. Among these procedures,
the last also takes advantage of common random numbers to improve performance, and the
use of variance reduction techniques like common random numbers to improve ranking and
selection has been an important piece of modern research in ranking and selection.
Another approach to ranking and selection is the Bayesian one. Bayesian techniques developed later, although an important early discussion of single-stage procedures for Bayesian
ranking and selection can be found in Raiﬀa and Schlaifer [28]. More recently, a number of
two-stage and fully sequential Bayesian procedures have been developed. These procedures
generally focus on maximizing either the Bayesian probability of correct selection or the
expected mean of the chosen design. This second objective is also sometimes written equivalently as minimizing the expected linear loss. They generally assume that the samples come
from a normal distribution, with either known or unknown variances.
Two main families of Bayesian procedures exist. The ﬁrst, called the optimal computing
budget allocation (OCBA), is a family of procedures that is usually used for maximizing the
probability of correct selection. OCBA procedures choose their allocations by considering
the reduction in posterior variance and the resulting improvement in probability of correct
selection that a block of samples in the current stage will induce. To ease computation, they
assume that the samples will not change the posterior means. They then ﬁnd a sample allocation that will approximately optimize the approximate improvement. A number of OCBA
procedures exist which use diﬀerent approximations to arrive at an allocation, including
those presented in Chen et al. [5–8], and Chen et al. [6]. Recently, an OCBA procedure for
optimizing the expected value of the chosen design was presented in He et al. [20], and a
procedure that uses common random numbers was presented in Fu et al. [14].
A type of procedure distinct from OCBA is the value of information procedure (VIP).
Like OCBA, procedures in the VIP family estimate the expected improvement of a single stage’s worth of allocations and choose that stage’s allocations so as to approximately
maximize this estimate. VIP diﬀers from OCBA, however, in that its procedures consider
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both the reduction in posterior variance and the change in posterior mean when they estimate expected improvement. Two-stage and fully sequential VIP procedures for optimizing
probability of correct selection and linear loss may be found in Chick and Inoue [10], and
a two-stage procedure which also uses common random numbers is presented in Chick and
Inoue [9]. Another VIP procedure, which diﬀers from the others in that it only allocate
one measurement at a time rather than in blocks of multiple measurements, is presented in
Chick et al. [11]. This procedure calculates the expected improvement due a single allocation
exactly, reducing the number of approximations needed. The procedure generalizes to the
unknown variance case an older procedure, ﬁrst introduced in Gupta and Miescke [18] as
the (R1 , . . . , R1 ) procedure, and analyzed more fully under the name “knowledge-gradient”
procedure in Frazier et al. [13]. We will discuss this knowledge-gradient procedure more fully
in the next section.

9.2. The Knowledge Gradient for Independent Measurements
We start with problems where measuring x tells you nothing about the value of x = x.
This might arise, for example, if we are evaluating diﬀerent technologies for sensing nuclear
radiation that have nothing in common. Or, we might be evaluating diﬀerent people for
managing assets, where we do not feel that we can use any characteristics about the person
to predict the performance of another person.
A simple idea for solving ranking and selection problems is to use a myopic policy ﬁrst
introduced by Gupta and Miescke [18], and further analyzed by Frazier et al. [13] under the
name knowledge gradient. The idea works as follows. Assume that our knowledge state at
iteration n is given by S n = (µnx , βxn )x∈X (recall that βxn is the precision, which is the inverse
of the variance in our estimate µnx of the true mean). If we stop measuring now, we would
pick the best option, which we represent by
V n (S n ) = max
µnx .

x ∈X

Now let S n+1 (x) = S M (S n , xn , W n+1 ) be the next state if we choose to measure xn = x
right now, allowing us to observe Wxn+1 . This allows us to update µnx and βxn , giving us an
estimate µn+1
for the mean and βxn+1 for the precision. The solution to our problem would
x
be given by
V n+1 (S n+1 (x)) = max
µn+1
x .

x ∈X

At iteration n, µn+1
is a random variable. We would like to choose x at iteration n, which
x
maximizes the expected value of V n+1 (S n+1 (x)). We can think of this as choosing xn to
maximizes the incremental value, given by


ν KG, n = max E V n+1 (S n+1 (x)) − V n (S n ) | S n .
(31)
x∈X

We can view the right-hand side of (31) as the derivative (or gradient) of V n (S n ) with respect
to the measurement x. Thus, we are choosing our measurement to maximize the gradient
with respect to the knowledge gained from the measurement, hence the label “knowledge
gradient,” introduced by Frazier et al. [13]. This concept was ﬁrst introduced by Gupta and
Miescke [18] and has since been analyzed experimentally by Chick et al. [11], where it is
termed the “expected value of information.” We write the knowledge gradient policy using


X KG, n = arg max E V n+1 (S n+1 (x)) − V n (S n ) | S n .
(32)
x∈X

The knowledge gradient, ν KG, n , is the amount by which the solution improves. This is
illustrated in Figure 4, where the estimated mean of choice 4 is best, and we need to ﬁnd the
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Figure 4. Illustration of the knowledge gradient if we were to measure choice 5.

1

2
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4

5

marginal value for choice 5. The estimated mean of choice 5 will move up or down according
to a normal distribution (we assume with mean 0). The solid area under the curve that
exceeds that for choice 4 is the probability that measuring 5 will produce a value that is
better than the current best, which means that V n+1 will increase. The knowledge gradient
is the expected amount by which it will increase (we receive a value of 0 if it does not go up).
A signiﬁcant advantage of the knowledge gradient policy is that it can be quite easy to
compute. Recall that the precision is simply the inverse of the variance, given by σ̄x2, n . Our
updating formula for the variance is given by

−1
σ̄x2, n = (σ̄x2, n−1 )−1 + σ −2
(σ̄x2, n−1 )
=
,
(33)
1 + σ̄x2, n−1 /σ 2
where σ 2 is the variance of our measurement (we can make this depend on x, but here we
are keeping the notation simple). Next we wish to ﬁnd the change in the variance of our
estimate of the mean. We deﬁne the change in the variance using


σ̃x2, n = Var µn+1
− µnx | S n .
x
It is not hard to show that
σ̃x2, n = σ̄x2, n − σ̄x2,n+1
(σ̄x2, n )
=
.
1 + σ 2 /σ̄x2, n

(34)

It is useful to compare the updating equation for the variance (33) with the change in the
variance in (34). The formulas have a surprising symmetry to them.
The knowledge gradient is found by ﬁrst computing

 n
 µx − maxx =x µnx 
n
.

ζx = − 

σ̃xn
ζxn is the normalized inﬂuence of decision x. It is the number of standard deviations from
the current estimate of the value of decision x, given by µnx , and the best alternative other
than decision x. We next compute
f (ζ) = ζΦ(ζ) + φ(ζ),
where Φ(ζ) and φ(ζ) are, respectively, the cumulative standard normal distribution and the
standard normal density. Finally, the knowledge gradient is given by
νxKG, n = σ̃xn f (ζxn ).
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Table 2. Calculations illustrating the knowledge gradient index.
Decision
1
2
3
4
5

µ

σ̄

σ̃

ζ

f (ζ)

KG index

1.0
1.5
2.0
2.0
3.0

2.5
2.5
2.5
2.0
1.0

1.336
1.336
1.336
1.155
0.707

−1.497
−1.122
−0.748
−0.866
−1.414

0.030
0.066
0.132
0.107
0.036

0.789
1.754
3.516
2.467
0.503

Table 2 illustrates the calculations for a problem with ﬁve choices. Choices 1, 2, and 3
have the same variance, but with increasing means. The table shows that the knowledge
gradient index increases with the variance, demonstrating the behavior that we generally
want to measure the best choice if the uncertainty is the same. Choices 3 and 4 have the
same mean, but choice 4 has a lower variance. The knowledge gradient favors the choice
with the highest level of uncertainty. Finally, choice 5 is the best, but because the level of
uncertainty is the smallest, it receives the smallest index.
Frazier et al. [13] show that the knowledge gradient policy is asymptotically optimal
(that is, in the limit as n → ∞, it will ﬁnd the best choice), and it is always optimal if
there are only two choices. Furthermore, it is possible to bound the degree to which it is
suboptimal, although these bounds tend to be weak. More signiﬁcantly, the method has been
shown experimentally to outperform other competing heuristics such as interval estimation.

9.3. Knowledge Gradient for Correlated Measurements
There are many problems where making one measurement tells us something about what
we might observe from other measurements. For example, measuring the concentration of a
chemical in a river at one location is likely to be correlated with measurements taking from
other locations (particularly downstream). Observing the demand for an item at one price
provides an idea of the demand for the item at other prices. Measuring the prevalence of a
disease in one part of town hints at the prevalence in other areas of the same town.
Correlations are particularly important when the number of possible measurements is
extremely large. The measurement might be continuous (where in the United States should
we test birds for bird ﬂu?), or there may simply be a very large number of choices (such as
websites relevant to a particular issue). The number of choices to measure may be far larger
than our budget to measure them.
The knowledge gradient concept is extended in Frazier et al. [12] to problems with correlated measurements. We will assume that we have a covariance matrix (or function) that
tells us how measurements of x and x are correlated. If x is a scalar, we might assume that
the covariance of Yx and Yx is given by
Cov(x, x ) ∝ exp −ρ|x − x |.
Or, we just assume that there is a known covariance matrix Σ with element σxx .
To handle correlated measurements, we have to make the transition to working with
vectors of means and covariance matrices. Let µ be the vector of means with element µx ,
and let Σ be the covariance matrix, with element Cov(x, x ). There are three ways of writing
the updated mean µnx from measuring xn . The ﬁrst is the vector version of the Bayesian
updating formulas, given by

µn+1 = Σn+1 (Σn )−1 µn + (λxn )−1 W n+1 exn ,

−1
Σn+1 = (Σn )−1 + (λxn )−1 exn (exn )
,
where ex is a column M -vector of 0s with a single 1 at index x, and  indicates matrix transposition. The second way of writing the updating of uses a method for recursively updating
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the inverse of a matrix using something known as the Sherman-Woodbury equations. Using
x = xn , these are given by
W n+1 − µnx n
Σ ex ,
λx + Σnxx
Σn ex ex Σn
= Σn −
.
λx + Σnxx

µn+1 = µn +

(35)

Σn+1

(36)

The third method gives us a more convenient analytical form. Deﬁne the vector σ̃ as
σ̃(Σ, x) := √

Σex
.
λx + Σxx

(37)

Also, let σ̃i (Σ, x) be the component ei σ̃(Σ, x) of the vector σ̃(Σ, x).
We note that Varn [W n+1 −µn ] = Varn [θxn +εn+1 ] = λxn +Σnxn xn , where Varn [·] represents
the variance given what we know at iteration n, which is to say all the measurements up
through W n . Next deﬁne the random variable Z n+1 := (W n+1 − µn )/ Varn [W n+1 − µn ],
where Varn [W n+1 − µn ] = λx + Σnxx . We can now rewrite (35) as
µn+1 = µn + σ̃(Σn , xn )Z n+1 .

(38)

Note that after n measurements, EW n+1 = µn , which means that EZ n+1 = 0. Also, it is
easy to see that VarZ n+1 = 1 (we constructed it that way). Because W n+1 is normally
distributed, Z n+1 is normally distributed with mean 0 and variance 1. This will prove to be
a more convenient form, as we see shortly.
The knowledge gradient policy for correlated measurements is computed using



 n
X KG (s) ∈ arg max E max µn+1
 S = s, xn = x
i
i
x




(39)
= arg max E max µni + σ̃i (Σn , xn )Z n+1  S n , xn = x ,
x

i

where Z is a one-dimensional standard normal random variable. The problem with this
expression is that the expectation is hard to compute. We encountered the same expectation when measurements are independent, but in this case we just have to do an easy
computation involving the normal distribution. When the measurements are correlated, the
calculation becomes a lot more diﬃcult.
One strategy is to approximate the expectation using Monte Carlo methods. This means
that for each possible decision x, we perform repeated observations of Z. Let Z(ω) be a
sample realization of the standard normal deviate. If we were programming this in Excel,
we could do this using Z = NORMINV (RAND( ), 0, 1). We would do this N times and take
an average. Of course, some experimentation would be needed to choose a good value of N .
This simulation has to be done for each value of x. After this, we would choose the best
value of x.
There is a way to compute the expectation exactly. We start by deﬁning




h(µn , σ̃(Σn , x)) = E max µni + σ̃i (Σn , xn )Z n+1  S n , xn = x .
(40)
i

Substituting (40) into (39) gives us
X KG (s) = arg max h(µn , σ̃(Σn , x)).
x

(41)

Now let h(a, b) = E[maxi (ai + bi Z)], where a = µni , b = σ̃i (Σn , xn ) and Z is our standard
normal deviate. Both a and b are M -dimensional vectors. We next sort the elements bi so
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Figure 5. Regions of z over which diﬀerent choices dominate. Choice 3 is always dominated.
h(z)
a4 + b4 z
a3 + b3 z
a1 + b1z
a2 + b2 z

z
c1

c3 c2′

c2

that b1 ≤ b2 ≤ · · · so that we get a sequence of lines with increasing slopes. If we consider
the lines ai + bi z and ai+1 + bi+1 z, we ﬁnd they intersect at
z = ci =

ai − ai+1
.
bi+1 − bi

For the moment, we are going to assume that bi+1 > bi . If ci−1 < ci < ci+1 , then we can
generally ﬁnd a range for z over which a particular choice dominates, as depicted in Figure 5.
It is possible (as we see in the ﬁgure) that a choice is always dominated, which can be
identiﬁed when ci+1 < ci , as occurs in the ﬁgure for choice 3. When this happens, we simply
drop it from the set. Thus, instead of using c2 , we would use c2 to capture the intersection
between the lines for choices 2 and 4. Once we have the sequence ci in hand, we can compute
(39) using
h(a, b) =

M


ai (Φ(ci ) − Φ(ci−1 )) + bi (ϕ(ci−1 ) − ϕ(ci )).

i=1

Of course, the summation has to be adjusted to skip any choices i that were found to be
dominated.
Figure 6 illustrates the use of the correlated knowledge gradient algorithm when it is used
to try to estimate a nonlinear function, starting with a constant conﬁdence interval over the
entire range. The logic begins by sampling the two endpoints. The third measurement is
shown in Figure 6a, which occurs roughly at the 2/3 point (even though our best estimate
of the maximum is at the midpoint). Figure 6b shows the fourth measurement, which is to
the left of the third measurement (which corresponds roughly to where the current estimate
of the maximum lies). The measurements illustrate that we are not choosing points that
correspond to the highest point on the curve, but instead we are choosing the points where
we have the best chance of improving our estimate of the maximum of the function.
The covariance matrix can be used to update the estimates of the means and variances (as
we do in Equations (35)–(36)), and in the decision function (as is done in Equation (41)).
This suggests three ways of collecting measurements and updating estimates: using the
covariances in both the transition function (Equations (35)–(36)) and the decision function (Equation (41)), using the covariances in just the transition function (but assuming
independence when we make a decision), and assuming independence in both the decision
function and the transition function.
Figure 7 shows the log of the expected opportunity cost as a function of the number of
measurements for the three policies described above. The “correlated KG” policy, which
uses the covariance in both the decision function and the transition function, signiﬁcantly
outperforms the other two policies. Somewhat surprisingly, the second policy, which uses
the covariance matrix in the transition function but not the decision function, performed
the worst.
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Figure 6. Estimate of a nonlinear function after (a) three measurements and (b) four measurements.
(a)

(b)

Handling correlations between measurements has tremendous practical value. When we
assumed independent measurements, it was necessary to measure each option at least once.
There are applications where the number of potential measurements is far greater than
the number of measurements that we can actually make. If we have information about
correlations, we can handle (in principle) a much larger number of measurements (even
potentially inﬁnite) by using correlations to ﬁll in the gaps.
Figure 7. Expected opportunity cost as a function of the number of measurements, for each of
three policies (from Frazier et al. [12]).
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9.4. Knowledge Gradient for Online Learning
The knowledge is a particularly simple and elegant strategy for collecting information. It is
near optimal and, of particular value, it can be adapted to handle correlated measurements.
A natural question, then, is whether it can be adapted for online applications. In this setting,
it is necessary to strike a balance between the reward we receive now, and the value of what
we learn now on the future. Imagine that we have a ﬁnite horizon problem where we are
going to make N decisions.
Let µnx be our estimate of the value of choosing x given what we know after n measurements, and let νxn be the knowledge gradient from a single additional measurement of x. Let
Kxn be the expected value of measuring x from n + 1 up to N .
Kxn = µnx + En

N


[V m+1 (S m+1 (x)) − V m (S m ) | S n ].

(42)

m=n+1

We do not know how to compute Kxn , but we can approximate it by
Kxn ≈ µnx + (N − n)νxn .
We suspect that this approximation is probably an upper bound on Kxn . It strikes a balance
between the reward now, µnx , and the value of future rewards from what we learn now,
approximated by (N − n)νxn . Thus, as we get close to the end of the horizon, we are less
willing to measure a choice x with a low current reward in order to measure something later.
Figure 8 compares the use of Gittins indices to our online adaptation of the knowledge
gradient for ﬁnite horizon problems. These were also compared against a pure exploration
policy and a policy based on interval estimation. The experiments were run for horizons
of 1, 10, 50, 100, and 200. The online adaptation of the knowledge gradient outperformed
Gittins for small horizons; for N = 10, the knowledge gradient returned 4.62 versus 3.86
using Gittins indices. For larger number of iterations, the two procedures are very close
(Gittins outperforms knowledge gradient for horizons N of 100 or more).

10. Summary
Learning arises in a broad range of application areas. This tutorial describes some of the
dimensions and critical concepts that arise in learning problems, but the presentation is
hardly comprehensive. There are classical information acquisition problems that are typically presented in the decision-tree literature that are not covered. The machine learning
community has an active subﬁeld known as active learning, which addresses these questions.
There is, of course, the ﬁeld of experimental design (which is primarily nonsequential), which
we have not covered.
Figure 8. Comparison of adjusted KG for online measurements to Gittins indices, interval estimation, and pure exploration.
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Despite the considerable attention that this problem has received, there is much that is
not known or understood. Part of the problem is that these problems are often easy to
formulate but impossible to solve. As a result, research has generally focused on heuristic
policies with nice properties.
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