NESTED BATCH MODE LEARNING AND STOCHASTIC
OPTIMIZATION WITH AN APPLICATION TO SEQUENTIAL
MULTI-STAGE TESTING IN MATERIALS SCIENCE *

YINGFEI WANGT, KRISTOFER G. REYES!, KEITH A. BROWN$, CHAD A. MIRKINS,
AND WARREN B. POWELL?

Abstract. We consider the nested-batch decision problem where we need to make a first stage
choice (e.g. the size of a nanoparticle) after which we then need to run a series of experiments
in batch selecting several second stage choices (e.g. testing different densities of the nanoparticle).
Since these experiments are time consuming and expensive, we propose to estimate the value of
information from the choice of the first stage decision (the size), to help guide the scientist in the
selection of the next batch of experiments to run. The batch experiments are designed assuming that
we maximize the value of information for an entire batch.

We empirically
demonstrate the effectiveness of our approach on the material design problem of maximizing output
current of a photoactive device, where it is competitive with a fully sequential optimal learning
strategy and significantly outperforms pure exploration, pure exploitation and e-greedy strategies
with regard to the 8.1
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1. Introduction. Our work is motivated by problems in the laboratory sciences
where we have to select a series of parameters (e.g. size, shape, density and concen-
tration) that guide the design of a material where we are trying to achieve a particular
goal (e.g. maximum strength, conductivity, or reflexivity). For example,

interested in identifying the density, size and type of nanostructures on
the surface of a photoactive device that maximizes output current 2
The number of potential parameter settings is much larger than we
can explore experimentally, especially when we consider that an experiment can take
hours or even days. This is exacerbated by the complication that certain parameters
may be more difficult to vary than others in a serial fashion.

There are several factors contributing to this. First is the curse of dimensionality,
in which the set of potential experiments (identified by a selection of tunable param-
eters) increases exponentially with the number of tunable parameters. Second is the
continuous nature of certain parameters. For example, the density or concentration
of a solute in solution may often be varied within several orders of magnitude, and
yet the optimum selection of density could occur within a small window of values.
This problem of separation of scales may be naively dealt with by using a refined
discretization, which results in a large number of experimental alternatives. Third is
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the fact that physically, varying one parameter may be more difficult than another.
For example, in our reflexivity problem 2), a selection of “type” and size
of nanostructure (e.g. nanorods, nanodots or some other geometrical shape) entail-
s physically fabricating such a structure, which may take a day in the laboratory.
Contrast this with a selection of density, which can be varied more readily by an
appropriate choice of solution concentration.

Scientists can draw on an extensive body of literature on the classic design of ex-
periments [8, 30, 21]

Moreover, many such classical tech-

niques fail to account for practicalities such as the difficulties in performing potentially

in a sequential manner. Previous work [12, 24, 11, 22]

develops a sequential design of experiments in a Bayesian setting, but is suited for
problems in which experiments are expensive and must be run one at a time.

This sequential design of experiments fails to account for the realities encountered
by experimentalists, who may be able to run several parallel experiments in batches.
For example, an experimenter can easily vary nanoparticle density over a sample,
effectively performing parallel, batch experiments through a single sample. While
the idea of batch experimentation is well established throughout all of the physical
sciences, recently new experimental tools have provided experimentalists the ability
to vary parameters such as surface feature lengths and areas on the nanometer length
scale [14]. As a second constraint, it may be difficult or expensive for a scientist
to explore the set of experiments in the order prescribed by the knowledge gradient
policy, which often suggests consecutively vastly different experiments. For example,
the choice of nanoparticle size described above cannot be readily changed between
experiments since their fabrication is expensive. The choice of nanoparticle size and
density can therefore be modeled as a nested decision in which a nanoparticle size is
first selected, and several densities are chosen to maximize the marginal value of infor-
mation given the fixed nanoparticle size. Such batch and nested batch experimental
modes must be taken into consideration in designing a sequence of experiments.

In this paper, we extend the knowledge gradient concept to handle both batch ex-
periments, as well as nested experiments that are performed within a batch. We derive
the marginal value of information for each possible experiment which the scientists
can use as a guide.

Commonly used sequential decision making policies [3, 5, 12, 16] allocate only one
alternative at a time and are not directly applicable to
More relevant to this setting, there exists
literature on stochastic and/or adversarial bandit problems addressing the problem
of multi-plays (playing several alternatives at the same time), which can be viewed as
batch-mode decision making [1, 2,29, 17, 6, 25, 15]. However, the bandit objective is to
maximize the cumulative rewards over time, which is not suitable for our laboratory
setting where the objective is to find the controllable parameters that maximizes
some utility function. Chen and Krause [7] have studied batch mode active learning
and more general information-parallel stochastic optimization problems. But their
objective is to let a set function exceed a threshold value while at the same time
minimizing the number of items allocated. Moreover, the proposed algorithm 7
is specifically designed for batch-mode active learning and cannot be generalized to
other information-parallel stochastic optimization problems.
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the stochastic subset selection problems

26, 27 the choice in each round is a subset of alternatives while the objec-
tive is to find the set of alternatives that maximizes some function on such sets. This
differs fundamentally from finding one alternative that maximizes some utility func-
tion through batch measurements, as is the case in our setting. In [26, 27], the way to
recommend a set of alternatives in each round is to treat each subset of alternatives
as a singly super alternative in the space of subsets and construct beliefs over the set
function values rather than the function values of the alternatives. The number of
subsets with B elements out of M elements is (Jg ), which grows exponentially with
the number of alternatives. As the number of alternatives increases, even storing and
updating the requisite (Ag ) X (AB4 ) covariance matrix becomes problematic. For exam-
ple, the size of the choice set considered in [27] was (15? ) = 252. Instead, to address
this, we derive the policies presented in this paper with beliefs on the function values
of the alternatives whose number is far smaller than the super alternatives.

In this paper, we extend the knowledge gradient policy to address both batch and
nested-batch measurements.

we

focus on a single motivating application: that of optimizing the output current of a
photoactive device whose surface has been functionalized by gold nanoparticles. This
problem is presented in Section 2. We then describe the formalism of the optimization
problem known as ranking and selection in Section 3 and briefly review simple KG
policy for performing the optimization in Section 4. Section 5 describes the proposed
formal model for batch and nested-batch setting, while Sections 6 and 7 outlines the
adapted KG policy for these cases. Lastly in Section 8, we apply these new algorithms
to solving the example optimization problem of maximizing output current. Here
we present simulation results to numerically show that the batch and nested-batch
algorithms perform well , finding
alternatives that yield large values of output current on average.

2. Motivating application. As a motivating example and as discussed briefly
above, we consider a photoactive device in which anisotropic gold nanoparticles (NPs)
are immobilized on the surface of the device. The immobilization is performed using
a DNA-mediated approach using thiol-gold chemistry in which both the surface and
the NPs are functionalized by complimentary DNA strands that subsequently bind to
hold the particles onto surface [28]. The NP’s role is to enhance the photocurrent of
the device via photonic and plasmonic phenomena, thereby potentially increasing the
photoelectric efficiency of such a device. Understanding the particular configuration
of the device that yield optimal photoactivity is desirable in applications such as
efficient solar cells.

Among the tunable parameters that describe the device’s configuration are NP
size and the density of NPs functionalized onto the surface of the device. Fabrication
of NPs of a particular size is done via thermal or photochemical methods, and requires
several hours to days to fabricate [20, 18]. In contrast, once NPs are fabricated, it
is straightforward to immobilize them onto the device at some prescribed density
[28, 23], and often several such densities can be considered in parallel. Therefore, in
selecting which configurations (i.e. a choice of NP size and density) to experimentally
test, we are naturally led to a nested, batch decision. Different densities may be run
in a batch setting, provided that the size of the NPs is the same within the batch.

While the exact mapping between the tunable parameters of NP size and density
and the response output current is not well established, we may make some qualitative
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statements using domain expert prior knowledge. Specifically, both NP size and
density affect the phenomena of surface plasmon resonance, photon absorption, and
scattering, which subsequently influence output current. The full description of the
effect of the parameters on these physical phenomena and output current is beyond
the scope of this paper (see e.g. [9, 13, 10] for a general treatment of discussions on
optical and electrical properties of nanostructured devices). However, we state that
due to competing effects, there exists a critical value of both NP size and density that
optimizes output current, and further assume that there exists a single such extrema
in the domain of interest. Our task is to find this critical value under uncertainty
of the true physics of the system. To this end, we consider a third-order polynomial
approximation of the output current I(d, p) with respect to size d and the logarithm
of NP density p:

(2.1) I(d, p) = c1 + cad 4 c3p + c4d? + csdp + cep? + c7d® + cgd®p + codp® + cr0p>.

This polynomial regression model is meant as a third-order local approximation to the
true response function. A cubic polynomial was specifically selected to provide a bal-
ance between the accuracy of this approximation without containing too many terms,
which would expose the model to overfitting noisy measurements.

along the way through sequential measurements
and are subsequently used to provide an estimation of which configurations (d, p)
optimize I. In what follows, we describe the technique employed to adaptively and
iteratively select those configurations to test in order to maximize output current in
a nested and batch setting.

3. The Sequential Ranking and Selection Problem. The ranking and se-
lection (R&S) problem is defined as follows. Suppose we have a finite set of alterna-
tives X = {1,2,..., M}, each of which can be measured sequentially to estimate its
constant but unknown underlying mean pu,. Each element x represents the choices
that have to be made when running an experiment. For example, in our motivat-
ing application an alternative x is a two dimensional vector representing a particular
choice of NP size and density. We begin with a prior multivariate normal distribu-
tion of belief about the performance p, for each alternative z € X, u ~ N(6°,%9),
where p = (tz)zex,0° = (02)rex and X0 is the covariance in our belief about the
alternatives.

At the nth iteration (starting with n = 0), we choose one alternative =™ to mea-
sure. Let ¢"™! be the measurement error which is assumed to be normally distributed
with known variance AW = 0‘2,[, and is independent conditionally on z™. We simplify
our notation by assuming that our measurement variance is the same across all al-
ternatives, but if this is not the case, we can replace A" with AXY throughout. The
resulting observation is W™+ = . + €1, i.e., a noisy perturbation from the truth.

For convenience, we introduce the o-algebras 7" for any n = 0,1, ..., N—1 which is
formed by the previous n measurement choices and outcomes, z°, W1, ..., z"=1 W™,
We define 0" = E[u|F"] and X" = Cov[u|F"]. Then conditionally on F™, u ~
N(6",32™). By Bayes rule and the Sherman-Morrison formula, taking z = z" to
temporarily simplify subscripts, the updating equations can be written as

an—&-l —on
1 n+1 _gn T NN
(3.1) 0 0" + PSS €z,
(3.2) gt =g Zier(en) 2

AW+ 5,
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where e, is a vector with 1 at index = and zeros everywhere else. Let S = (6", %")
be our state of knowledge. A decision function X™(S™) is defined as a mapping from
the knowledge state to X'. We refer to the decision function X™ and the policy m
interchangeably.

If we are limited to N measurements, the objective is to maximize the expected
reward of the final recommended alternative:

(3:3) maxE [pon],
where zV = argmax ey Y and 2" = X™(S") for n =0,1,..., N — 1.

Alternatively, we can formulate the problem within a dynamic programming
framework [11]. Define the state space S to be the cross-product of RM and the
space of positive semi-definite matrices. We next define the transition function from
the updating equations (3.1) (3.2). Define a vector valued function & as

Yey
VAW 3,
where ¥ is any covariance matrix. Next define the random variable
1
gt _ Wit —or.

\/Var[W;ﬁfl —gn.|Fn

(3.4) 6%, z) =

which is a one-dimensional standard normal random variable when conditioned on
F.
We can write (3.1) as

(3.5) g+l = gn 4 G(xn, o) 2.
Update (3.2) can also be rewritten as
(3.6) st = s 52, 2" (5(57, 2™)

Now we can define the transition function.
DEFINITION 3.1. The transition function T : S x X x R is defined as

(3.7) T((a, ), z, z) = (9 +5(,2)2, % — 5(5,2) (5(3, x))T),

so that S"t1 = T(S" 2", Z"*1). Here 6 is a vector, ¥ is a covariance matrir, z € R
and Z"1 s a one-dimensional standard normal random variable.
We then define the value function V" : § — R at times n =0,1,..., N as

(3.8) V" (s) == maxE" [ max ) |S" = s],Vs € S.

By noting that max 6" is FV-measurable, the terminal value function V" can
be computed directly as:
(3.9 VN(s) = mea}((Gx,Vs =(6,X)eS.
The dynamic programming principle tells us that the value function at times n =
0,1,...,N —1, V™ is given recursively by :
(3.10) Vi(s) = ma%(E[V"H (T(s,z,Zz"*"))],s € S.

EAS
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4. The Knowledge Gradient Policy for R&S problems. For R&S prob-
lems, the knowledge gradient policy is a stationary policy that at the nth iteration
chooses its (n + 1)st measurement from X to maximize the single-period expected
increase in value [12]. To be more specific,

DEFINITION 4.1. The knowledge gradient of measuring an alternative x at state
ERE
(4.1) vEC(s) .= E[VN (T(s,z,2)) — VN(s)],

x

where Z 1is a one-dimensional standard normal random variable. Recall from (3.9)
that VN (S™) = max,cx 67. Suppose we are at knowledge state S™ = (67, ¥"); if we
choose to measure 2" = z right now, allowing us to observe W/ ! then we transition
to a new state of knowledge S"*1 = (9nF1 ¥ntl) At iteration n, 7! is a random
variable since we do not yet know what W"*! is going to be. The knowledge gradient
of measuring z is then

vEG(s™) = E[H;z/zx ortt — n;a}xﬁgdx" =uz,5".

One property of the knowledge gradient is that vX%(s) > 0 for any s € S [12].
The knowledge gradient policy will never evaluate an alternative that yields zero value
of information.

DEFINITION 4.2. The Knowledge Gradient (KG) policy is defined as:

XKCG(8™) = arg max vEG(sm).

The algorithm for calculating the knowledge gradient can be found in [11].
The knowledge gradient policy can handle a variety of belief models such as linear
[22] or nonparametric [22, 19, 4].

5. From Sequential Decision Making to Nested Batch Mode Decision
Making. In this section, we first give the formal model for batch learning and then
we will extend it to nested batch mode decision making.

5.1. Batch Mode Learning Model. In real world applications, it often occurs
that information collectors do not simply take one measurement at a time. For exam-
ple, in a pharmaceutical company, researchers might test the efficiency of a medicine
by taking measurements of five different concentrations simultaneously, observing all
the outcomes, and then measuring the next five concentrations. Or in the motivating
application, if we fix a NP size, then we can test on different densities simultaneously.
This leads us to the idea of batch measurements.

Suppose we have a collection X = {1,2,..., M} of M alternatives. Instead of
sequentially measuring some alternatives to estimate the constant but unknown un-
derlying mean pu,, we can measure a batch of alternatives simultaneously at each step.
We begin with a prior multivariate normal distribution of belief about the performance
. for each alternative z € X, u ~ N(0°,X9), where p = (z)zex,0° = (09)rex and
Y9 is the covariance in our belief about the alternatives. Denote the batch size by
B and the total number of batches by K. Then the total number of measurements
allowed is N = BK. At the kth batch (starting with n = 0), instead of choos-
ing one alternative to measure as in Section 3, we choose to measure B alternatives
k0 gkl 2R B=1 Let ¢¥*! be the measurement error which is assumed to be nor-

mally distributed with known variance AW = U%V. The resulting observations are

Wk_H’O ~ N(uzk,o,(fw), Wk+1’1 ~ N(,U/zk,l,O'W), ceey Wk+1’B_1 ~ N(,LLIR,B—I,UW).
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We modify our notations to fit batch measurements. The superscript (k,b) for
some k=0,1,..., K —1and b=1,2,..., B — 1 should be understood as meaning that
we have done k batches and use x#0, ... 2®b=1 WkTLO Jk+l..b=1 {5 ypdate our
belief. Thus the prior multivariate normal belief can be rewritten as (0%°,%%°). The
new updating equations can be written as

b ; ]
Wktli _ 9’%]

51 gr:b+L — gk0 —,WEk’jeTk,j,
(5.2) yhb+l _ skb SEbe b (epns) "B

kb
AW+ Ezk,bmk,b

where ¥ = 0,1,..,K —1, b = 0,1,...,B — 1, 5t1.0 = gkB 5pd k1.0 = $k.B,
It is worth emphasizing that in the batch setting the covariance matrix would be
updated within a batch since it is determined by the measurement decisions and is
independent of the observations, whereas the mean values ™ are only updated after
the observations are collected for the whole batch. Additionally, the updating formula
(5.1) is not affected by whether the observations are obtained sequentially or in batch.

A decision function X7™(S™) is defined as a mapping from the knowledge states
to XB, where S™ is short for ™0 = (90, ¥;7:0).

If we are limited to N = KB measurements, the objective is to maximize the
expected reward of the final recommended alternative:

(5.3) maxE [pox],
where 2 = argmax,cx 05 and {2%0, ... 2B} = X™(S¥) for k =0,1,..., K — 1.

We can also formulate the problem within a dynamic programming framework.
We first define the transition function from the updating equations.

For convenience, we introduce the g-algebras F** for any b = 0,1, ..., B —1 which
is formed by the previous k batch measurement outcomes and the first b observations
in the current batch. The idea is that even when performing experiments in batch, we
can model the updating as if each outcome is collected sequentially. Suppose we are
at the k + 1th batch and have made the measurement decisions for the whole batch.
For any b = 0,1, ..., B — 1, define the random variable Z¥+1: as

k+1,b k,b
Wh+1L, —ka,b

ZktLb . — .
\/Var[Wk‘*‘lvb — QI;;CIHF’“J’]

Since kb € Fkb,
Var[WHEH0 — 0150, | FEY) = Varlpugnn + PR = S50 L+ A7

It is important to note that if conditioned on Z¥+1.0, .. ZF+1.b=1 or in other words,
Fkb the ZF+1P is a standard normal distribution.
Recalling from (3.4) the definition of &, we can rewrite (5.1) and (5.2) as

b
(5.4) gFb+L = gk0 4 Z G(SkT | kot ) ght1d
7=0

(5:5) SEOHL = ghb _ (kb k) (G(sk0, R0y T
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Now we can define the transition function for batch mode learning recursively by
pretending the outcomes are obtained sequentially.
DEFINITION 5.1. The transition function TP : S x XB x R® is defined as

(5.6) TB<(9, %), (@1, ey B), (21, ooy z3)> =T0.T(0,%),21,21), .-, 2B, 2B),

so that SFT10 = TB(SkO (k0 ghB=1) (ZF+10 | Zk+1.B=1))  Here 0 is a vec-
tor, ¥ is a covariance matriz, z*T11 € R, Z*t1I is a one-dimensional standard
normal random variable and T is the transition function defined in Definition 3.1.

We then define the value function VB* : S — R after k batch measurements at
times £k =0,1,..., K — 1 as

VBE(s) = maxIE”[max@fﬂSk =s|,VseS.
™ xX

By noting that #% is deterministic given S, the terminal value function V5%

can be computed directly as:

(5.7) VEBE(s) = mex 6, Vs = 0,%) € S.

The dynamic programming principle tells us that the value function at times k =
0,1,..., K — 1, VB* is given recursively by :

(5.8) VBk(s) = (ac,;)%i?)é(XB IE[VB’k+1 (TB(S7 (:ci)f;l, (Z)f;l)] ,s €8,

where Z; is a one dimensional standard normal variable.
A Knowledge-Gradient policy is provided for batch learning model in section 6.

5.2. Nested Batch Mode Learning Model. Motivated by the applications
given by the real world applications in Section 2, right now we have a collection
X x Xy of M alternatives, where at each decision step, we choose one = € A} and a
set ) € X, constructing B alternatives to measure simultaneously (e.g. design 10nm
triangle particles and experiment with densities of 3%, 10%, 27%, 78% and 92% with
a batch size B = 5).

As before, we begin with a prior multivariate normal distribution of belief about
the performance fi(, ) for each alternative z € X1 and y € Xa, p ~ N'(6°,%°), where
1= () () X x X5 00 = (0(0'7)4}))(3872/)6*‘1 wx, and X0 is a M x M covariance matrix.

Let K be the total number of batches. At any decision step k£ = 0,1,..., K — 1
after we make the B measurement decisions (z¥,3%0), (z¥ y*1) ...(z% y*B~1) and
get their outcomes, we can also pretend that the information is collected sequentially.
So the updating equations are the same as those in the batch mode model when
treating (x,%) as the alternative and replacing z*7 with (¥, y*7). It is worth noting
here, we are not only updating our belief about the alternatives with z*, but we are
also updating our belief about all M alternatives.

A decision function X™(S™) is defined as a mapping from the knowledge state to
X, x XB. The objective is to maximize the expected reward of the final recommended
alternative:

(59) I;lealg[(E I:/,L(Z.KvyK)] y
where (25, y%) = arg MaX(y )c Xy x Xo 0(1;34) and {zF y*0 . B} = X7(S*) for

k=01,. ., K —1.
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We formulate the problem within a dynamic programming framework. By a
similar argument as that in batch mode, we can define the transition function as

DEFINITION 5.2. Define the transition function TVB : S x (X x Xf) x RE as
(5.10)

TNB ((9, E)v (xa Yi, "'7yB)a (Zlv ceey ZB)) = T(T((aa E)v (xayl)a Zl)a 0y (xvyB),ZB)v

so that SFT1 = TNB(Sk (b yk0  ykB=1) (ZF10 [ Zk+LB=1)) " Here 0 is a
vector, ¥ is a covariance matriz, z*t1I € R, Zk13 s a one-dimensional standard
normal random variable and T is the transition function defined in Definition 3.1.

We then define the value function VNB* : S — R after k nested batch measure-
ments at times £k =0,1,..., K — 1 as

VNB,k(S) — maXEﬂ[maXe(I;yﬂSk = s],VS eSs.

™ (z,y)

VNB.K

The terminal value function can be computed directly as:

(5.11) VNBE(5) = " y)rg;agxxz Ow,y), Vs = (0,2) € S.

The dynamic programming principle tells us that the value function at times k& =
0,1,..., K — 1, VB* is given recursively by :
(5.12)

VNBE(s) = . y)rél%XxXB E[VNBHAUTNB(s (2,51, ..yB), (Z1,...ZB))], s € S,
s 1 5

where Z; is a one dimensional standard normal variable.
A KG-type policy is provided for nested batch learning in the section 7.

6. Batch Knowledge Gradient (BKG) Policy. In this section, we extend
the original idea of the KG policy for batch mode learning. We first give the formal
definition of the batch knowledge gradient policy and then provide a Monte Carlo
algorithm for any given batch size.

6.1. Definition of BKG Policy. Following the basic idea of the knowledge
gradient, we would like to design a policy that seeks to measure the B alternatives
that provide the single-period expected increment as a batch. We first define the
value of information from measuring a batch of alternatives.

DEFINITION 6.1. The knowledge gradient for measuring a batch of j alternatives
{z1,..2;} at state s is defined as
(6.1) Vﬁlf%j (s) =E [VB’K (TB(S, (x1,..25), (Z1, ..., Zj))) — VB’K(S)] ,
where Z; is a one-dimensional standard normal random variable.

Recall from (5.7) that V5% (S*) = max,cx 0. Thus, suppose we are in knowl-
edge state S¥ = (0%, XF) = (%0 2%:0). If we choose to measure (250 =z, ..., 2%771 =
x;) right now, allowing us to observe (Wf,:r e Wf,j 19=1) then we transition to
a new state of knowledge S"*! = (gn+1 ¥n+1) At iteration k, 0%t! is a random
vector since we do not yet know what W**! is going to be. The knowledge gradient
of measuring (1, ..., ;) is then

(6.2) yfff_%j (S*) = IE[m?X gh1 max 0 |2h0 = 2, 2RI = 2, S
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One way to design a policy 7’ using the knowledge gradient concept is to directly
find the {1,...,z;} that maximizes uﬁlﬁj(sk) subject to j < B. Since the mea-
surement is noisy, measuring the same x; several times will most likely give different
observations and thus it is meaningful if we measure some alternative x; more than
once within a batch. For example, in the motivating application, we can choose to
test on 5 densities (p1, p1, p3, 3, p7) all at once. Thus the batch decision procedure
is analogous to multi-set function maximization problems. Let A be a finite set of
M elements. Define the multi-set function f : N* — R. The problem is to find a
multi-set A of cardinality less than or equal to some specified number B, such that

f(A) is the maximum:

(6.3) max {£(4) 4] < BY.

The problem with 7’ is that it involves testing all 25:—01 (bﬂvﬁ 11) which would be
computationally costly when B and M are large. Alternatively, as a common tech-
nique to deal with set function maximization problems, we can use a greedy heuristic
to start from the null set and add elements one at a time. We first claim that the
more measurements, the larger the value of information. Thus, if we are limited to B
measurements in a batch, we will indeed measure B alternatives in each batch.

PROPOSITION 6.2. (Benefits of Measurement)

fofﬂjﬂ(s) > Vﬁ{(_%j (s) forallj>0,s€S8 and z; € X.

Proof. In the following proof, we use properties of conditional expectations
E[E[U|V]] = E[U] for any random variables U and V.

BKG BKG
T1,.. T4 (8) -V (S)

—F [VB,K(TB(S, ()2 (Z)IED) = VBE (T8 (s, (w:)_,, (zi>gzl>)}
=B [E [VEE(T3(s, ()2 (Z0ED) = VR (T8 (s, (i), (Z0) oo, ()1 |
=K [E [VB’K (T(S/,Ij+1, Zj+1)) — VB’K(SI)H ,

where s’ = TP (s, (z:)_,, (zi){zl), T(s,z,z) is the transition function defined in Def-
inition 3.1 and in the last equation the first expectation is taken over the random
choices of s” or equivalently the choices of (z;)7_; and the second expectation is taken
over Zjy1. By the definition of T and VP& we have VEE(T(s', 211, Z;41)) =
maxgex (0, + 02(5, j41)Zj41) and VB (s') = max, 6. By Jensen’s inequality,
we have

E [VER(T(s', 2j41, Zj+1))] = E max (05, + 62 (5, ¢541) Z541)

Z I;lea))((E [(9; + &w(2/7xj+1)zj+1)]

= max?0,
reX

= VB’K(S’).

Since this inequality holds for any realization of s’, the proposition follows. ]
COROLLARY 6.3. The knowledge gradient of measuring a batch of j alternatives
at any state s is always non-negative, VflKGg:J(s) forallj>0,s€S and x; € X.

Proof. Tt follows from Proposition 6.2 by noting that I/QI?KG(S) =0 for any s € S.
|
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Since the more measurements the better, if we are limited to at most B mea-
surements at each time step, we will exactly choose to make B measurements. We
thus can define the batch knowledge gradient (BKG) policy that greedily adds in
each alternative that maximizes the expected increment of value one at a time until
B alternatives are chosen.

DEFINITION 6.4. The Batch Knowledge Gradient (BKG) policy has the decision
function

(6.4) a* = XPEG(S*) = arg max Vﬁl,(o?“7wk,b—171.k,b=l-(‘9k)7

for any b=0,..., B —1 and decision points k =0,1,..., K — 1.

tells us that we make each measurement decision in the
batch by conditioning on the earlier decisions made in the same batch and the state.
With (5.4) and (6.2), we can rewrite (6.4) as
(6.5)

b—1
XPKG(SF) = argmax E | max <9k’0 + Z&(Ek’j, e VAR BN 10 Yty m)Zk'H’b) )
reEX x’

Jj=0

where 257, j < b are fixed when choosing z** and £%7 can be updated within a
batch according to (5.2). This formula will be of use in the following computations.

6.2. Computation. We notice from (6.4) that at each batch decision point k,
we can find the first measurement decision explicitly by carrying out the original KG
calculation described since the objective function (6.5) to be maximized for the first
decision in the batch is exactly the same as that described in Section 4.

6.5
we utilize Monte Carlo sampling to approximate the expectation. After the first
measurement decision z*° is made, the following decisions are made one at a time to
find 2¥* according to (6.5) using Monte Carlo Simulation. To be more specific, the
second decision is made by randomly generating both Z**10 and Z*¥*11 for Q times,
where ZF+1% are independent standard normal variables. We then define the second
decision z*'! as:

Q

1
arg max > ; [ngx (gk,o + (TR0, gR0),0 4 5 (nh x)z;)] :

where 22 and z; are realizations of Z#*t10 and Z**11! respectively and %! is updated
according to (5.2). We then have 2%0 and x*! fixed, and proceed to find 2*2 similarly
by sampling Z*+t10 Zk+L1 and Z++1L2 for  times and finding the alternative that
maximizes the analogous expression coming from (6.5) that contains these three ran-
dom variables. It is worth re-emphasizing here that all three variables are standard
normal when we generate their realizations after fixing the previous decisions.

In general, after we get the first b decisions within a batch, we are looking to find
the solution to

Q b—1
1 . o
kb _ k,0 = vk ok, ~oykib b
x —argglgagaqu max (9 —&—E G(EM, aM0) 2l 4+ (% ,x)zq) )

Jj=0

where ¥%7 are updated within this batch according to (5.2).
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The pseudo-code of the algorithms are presented below. Algorithm 1 is the BKG
policy for the kth batch decision, which calls Algorithm 2 to find the next measurement
decision for B times.

Algorithm 1: Batch Knowledge Gradient Policy

input : 69 %0 and the number of sample @ for the Monte Carlo simulation
Use the sequential KG policy presented in Section 4 to find 2*0;
50 « 5.(216,0’3316,0);
Update ¥%! according to (5.2);
forb=1to B—1do
Use Algorithm 2 below to find 2*?;
5.b — 5.(2]@,1)71.](7717);
Update %%+ according to (5.2);
end

output: batch decisions z# 0, k1, ... gk B-1

Algorithm 2: Monte Carlo Simulation for the (b+ 1)th decision within a batch

input : b, 080,5% 51, .. 571 ¥R and Q
for each x € X do
sum, = 0;
for =1 to Q do
for j =0 tobdo
‘ Generate a realization 27 of Z*7;
end
temp < max, (9];,’0 + Zg;é &i,zg + 5(XRb 2)2D);
sumg, < sum,-+ temp;

end
end
kb _ .
T™P = arg max,cy Sumg;

output: the b+ 1th decision z** within the batch

7. Nested Batch Knowledge Gradient (NBKG) Policy. A nested batch
decision may involve the selection of a particular NP size and subsequent selection of
several NP densities (given the NP size fixed in the first stage of the decision). In
general, we would like to design a policy that seeks to measure the B alternatives
(z,91), ..., (z,yp) that provide the largest single period value of information. We first
define the knowledge gradient of measuring a nested batch of alternatives.

DEFINITION 7.1. The knowledge gradient of measuring a nested batch of j alter-
natives {(z,y1), ..., (,y;)} for any v € X1 and y; € Xy at state s is defined as
(7.1) VﬁffG%(s) =F [VNB’K (TNB(S, (91, --Y5), (Z1, -, Zj))) — VNB’K(S)] ,
where Z; is a one-dimensional standard normal random variable.

By a similar argument as Proposition 6.2, we can show that if we are limited to
B measurements in a batch we will indeed evaluate B alternatives.

We define the Nested Batch Knowledge Gradient policy as directly finding out
{z,y1,...,yp} that maximizes VEI;KG%(S) at any decision point k = 0,1,..., K. For
clarity, we use ) to denote the multi-set {y1,...,yp} since the alternatives being
measured in each batch are not necessarily distinct.

DEFINITION 7.2. The Nested Batch Knowledge Gradient (NBKG) policy has the
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decision function

;Y

(7.2) XNBKG(gkY — arg g}z% Y NBKG (gky,

)

for any decision points k =0,1,..., K — 1.
We can show analytically that

{ z* = argmax, (maxy o 5K%)

x NBKG
Y* = argmaxy Vpey

is a solution to the optimization problem (7.2). This gives us a two-stage decision
process. At the first step, for each z € &}, find the multi-set (a batch) ), that gives
the most value of information; i.e. maxy VwN;)B,KG. This can be done by using the Batch

Knowledge Gradient policy for each fixed = with the value function VJI?I];II{G.UB
of vBKG . Namely, for example, when calculating a similar expression as (6.2):
(7.3)
NBKG gk
wigne; ()

instead

n k

= E[max 677! max 0

k _
(z',y") (z',y") - (z',y") (zlvy/)‘x =Y

0 Y1, 7yk,J71 - yj,Sk],
it should be noted that even though the BKG is constructed for each z € X7, when
taking the maximization inside the expectation, z’,%" should include all the choices
in the domain &7 x AX5. Since calculating the expected maximum is needed to make
the decision, Monte Carlo sampling is used as in Algorithm 1 to approximate the
expectation.

We next define the nested knowledge gradient vYXG for each 2 € X at state s in
the nested dimensions as

(7.4) vNKG (5) = max VggKG(s).

8. Numerical Experiments on NBKG and Optimizing Photocurrent.
In this section, we present simulation results for the material science application
described in Section 2: optimizing the photocurrent of a photoactive device that
has anisotropic nanoparticles immobilized onto its surface. Recall in Equation (2.1)
we had approximated the output current by a third-order polynomial expansion in
the variables d and p, respectively representing NP size (units nm) and log-density.
We wish to optimize the output current with respect to these two variables under
the uncertainty of the regression coefficients ¢; of this expansion. In the physical
setting, preparing NPs of a particular size is expensive, while varying the density of a
NP can be done easily and in parallel experiments. Therefore, we model the choice of
experiment to perform as a nested-batch decision, and apply the NBKG policy toward
finding the optimal choice of size and density.

8.1. Prior Generation. To generate a prior distribution on the values of the
regression coefficients, we incorporate the following observations, which reflect a do-
main expert’s prior knowledge about the role of NP size and density on output current.
First, the experimental range of size was assumed to be between 550 nm to 1300 nm,
while the range for NP density was assumed to be between 1 NP /cm? to 10'° NP /cm?.
When d = 550 nm and p = 0, the output current is simply the output current of the
photoactive device non-functionalized with NPs. We presume that this current is
scaled to 1 nanoamp (nA). For extreme values where d = 1300 nm and p = 15, we
assume the current is a nominally small value 0.001 nA. Lastly, we presume that for
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points away from the extremes, the current has moderate values between 1 and 20
nA.
Prior generation was performed by uniformly sampling values

d1:550§d2§d3§d4:1300 nm,
and
p1=0<p2 < p3 < psa=15.

Sixteen points of the form (d;, pj, I(i) + I(j)) were calculated, where

0.5 i =1
I(i)=4q1 1=2,3;
0.0005 i =4.

We then computed the least-squares fit of the polynomial model in Equation (2.1) to
these points, and obtained an instance of the regression parameters ¢;. This procedure
was repeated several times, resulting in an empirical distribution on ¢, which we use as
the regression parameters’ prior distribution. From this, we obtain the induced prior
distribution on function values that incorporate the domain expert’s prior (albeit
limited) knowledge about the behavior of the photocurrent with respect to NP size
and density. Figure 1 plots several instances of I(d, p) obtained in the above manner.

Log Density (log cm?)

800 900 1000 1100 1200 1300

Nanoparticle Size (nm)

SO
L e
A=

Lail

Fig. 1: Example plots of photocurrent I(d, p) obtained from the procedure outlined
above.

8.2. Performance of NBKG. In order to assess the performance of the N-
BKG policy, we performed several numerical experiments in which the decision-
measurement-update loop was simulated over several batch measurements and over
several trials. For each simulation trial, a true value of the regression parameters (and
hence a true response surface) was fixed, but unknown to the simulation.

8.2.1. Illustration on NBKG Policy. We first illustrate how NBKG works
under a measurement noise of 30% of the function range. At each iteration, a NBKG
value was calculated for each choice of NP size. Example NBKG values are depicted in
Figure 2, which is an example of NBKG values after zero, one and two measurements,
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respectively. The optimal NP size and corresponding batch of log density values are
given at each step. The figure also illustrates a key feature of the KG policy, as shown
by a marked decrease in the relative KG value of a NP size after it has been measured.
Due to correlation, the values of measuring adjacent alternatives also drops since they
roughly provide similar information. As shown in Figure 2, the KG value for NP size
= 800nm drops after measuring NP size = 883nm. This gives the KG policy the
ability to explore parameter space during the initial set of measurements. From the
KG values, the optimal NP size and five corresponding NP densities were selected in
the nested-batch method outlined above. After a noisy measurement is made from
the true surface, the posterior distribution on p is calculated according to Equations
(3.1). This process is repeated until 15 batch measurements are made.

e p=(4,6,89,9) 8 \p-4ns89) ] Decreased kGvalue  P=(1123,4,4)
g . g (>E o) after measurement A
g . \27 19554 Decreased KG value g ol
- < s after measurement e Lare
D @ e
- ° T 14
7] [T RREY D
2 2 2w
) 1) 1.335| I}
Z 1l z Z s
i e s e e T T s i e o T T T A
Nanoparticle Size (nm) Nanoparticle Size (nm) Nanoparticle Size (nm)
(a) 0 batch measurements (b) 1 batch measurement (c) 2 batch measurements

Fig. 22 NBKG values before and after 3 batch measurements. The optimal NP size
at each step is indicated by the dashed line, and the corresponding optimal batch of
densities are also shown. The arrows indicate the decrease in KG value for the NP
size that was previously measured.

Figure 3 together with Figure 4 shows an example of the prior and posterior
estimates of the true photocurrent function for a particular simulation. In Figure 3,
the leftmost figure depicts the true photocurrent function values. The middle and
rightmost figures demonstrate the prior and posterior estimates of the true function
surface after 0 and 15 batch measurements, respectively, using the NBKG policy. Also
depicted in Figure 4 is the residual error, which is the difference between the estimate
and true function values. The residual errors are calculated after 0, 5, 10 or 15 batch
measurements. By examining the residual error plot after 15 measurements, we see
that the function value at the true maximum alternative is well approximated, while
moderate error in the estimate is located away from this region of interest.

8.2.2. Computational Analysis. In this section, we analyze the performance
of NBKG as parameters vary. As a more quantitative measure of the performance of
NBKG, we consider the opportunity cost (OC) as a function of the number of batch
measurements K:

(8.1) 0CK = max P(ayy) — M@k yK)s
(zy)
where (%, y®) = argmax, ) Q(Ii,yy

Figure 5 shows the mean OC versus number of batch measurements, averaged over
500 simulation trials. In Figure 5a, we see this plot for the case when the measurement
error is 30% of the true function’s range (as before). We observe that the OC quick-
ly decays as the number of measurements increases, showing that the NBKG value
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5

8

Log Density (cm?)
Log Density (cm™?)

Log Density (cm2)

o
60 700 800 90 1000 1100 1200 1300

Nanoparticle Size (nm) Nanoparticle Size (nm) Nanoparticle Size (nm)

(a) True function values (b) Prior estimation (c) Posterior estimation

Fig. 3: Prior and posterior estimates of the true function surface after 0 and 15 batch
measurements, using the NBKG policy.

Log Density (cm‘z)
Log Density (cm?)

Nanoparticle Size (hm) Nanoparticle Size (nm)
(a) 0 batch measurements (b) 5 batch measurements
15 15 0.7
oss
s os
< hs &
E o o4 E o os
2 s 2 9
Kl e B
o 9
a s O o
(=2 [e2]
2. oz 2.
— — 02
o1
o1 B
° 600 700 800 900 1000 1100 1200 1300 o 600 700 800 900 1000 1100 1200 1300
Nanoparticle Size (nm) Nanoparticle Size (nm)
(c) 10 batch measurements (d) 15 batch measurements

Fig. 4: Prior and posterior estimates of the true function surface after 0, 5, 10 and 15
batch measurements, using the NBKG policy. For each choice of number of measure-
ments, the plot shows the residual error between this estimate and the true function.

rapidly finds the location of the maximal photocurrent. Figure 5b shows the mean
OC versus the number of batch measurements and measurement error. We observe
that the OC increases with increasing error, as expected. Such a plot is meaningful
in experimental budgeting, and shows the requisite number of measurements needed
to obtain a certain level of optimality for a particular level of noise. This plot can
suggest to the experimenter the amount of measurement precision needed in order to
achieve a desired level of optimality as measured by opportunity cost.
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Tror surement and measurement error

Fig. 5: Opportunity cost

We then experiment with different Monte Carlo sampling sizes. At each time
step (k,b), for different sampling sizes @, we calculate the standard error 2zc of all
the densities, with s,,. denoting the sample standard deviation, and verify that the
maximum of such values is below an acceptable tolerance. For example, the left two
figures in Figure 6 depict the empirical means of NBKG values of a fixed NP size
= 800nm and all densities under different sampling sizes. In the leftmost figure,
the time step (k,b)=(0,2) is considered. When @ = 1000, the maximum standard
error of all the densities is 0.0476 and the maximum difference between this case and
@ = 50000 over all densities is 0.0158. When ) = 10000, the maximum standard
error is 0.0129 and the maximum difference with ¢ = 50000 is 0.0051. ¢ = 10000
achieves the maximum NBKG value at the same point as @ = 50000 in this case.
Similar performance is observed for (k,b) = (0,5), as plotted in the middle figure,
and later time steps. We also plot the opportunity cost curves in log-log scale for
different sampling sizes. We observe that the opportunity cost curve of @@ = 10000 is
similar to that of @) = 50000 with a mean difference of 0.0073, showing that @@ = 10000
is sufficiently large to ensure accuracy as measured by opportunity cost.

1 1
w - - 1000 v Q
2 | e 5000 3 9
[ == 10000 [ . Y -
< —— 50000 < £ 2
2z o] <
] ] >
g g T

, 165 o
x %
L4 o Q.
= = s
S S -~ 1000 Q
= Soael 5000 o -
g- g- =+= 10000 kel
£ £ — 50000

1 0 5 10 15 ! 0 5 10 15 0 05 1 15 2 25

P, log density p, log density log(Number of Batch Measurements)

Fig. 6: Left two figures plot the empirical means of NBKG values of a fixed NP size
and all densities under different Monte Carlo sampling sizes. Horizontal axis denotes
10 densities and vertical axis is the empirical mean. The left figure is calculated at
time step (k,b) = (0,1) and the middle figure is calculated at time step (k,b) = (0,4).
The right figure depicts the opportunity cost curves for different sampling sizes under
different number of batch measurements.
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We may also assess the performance of NGKB as the problem size increases. We
experiment with different batch sizes B = 1,2, 3,4, 5 and report in Figure 7 the mean
opportunity cost after each batch measurement ranging from 0 to 15, averaged over
500 runs. In order to make a fair comparison, all the observations are pre-generated
and shared for simulations with different batch sizes. We observe that no matter
which batch size it uses, the OC quickly decays as the number of batch measurements
increases. Since a larger batch size means more measurements at each iteration, thus
providing more information and yielding more precise estimation. This intuition is
also verified in Proposition 6.2 (Benefits of measurement). We see from the figure
that for any measurement budget K, larger batch sizes yield lower OC, as expected.

Increasing
batch size

log(Opportunity Cost)

log(Number of Batch Measurements)
Fig. 7: Performance of NGKB as K, B changes. Horizontal axis denotes the logarithm
of the number of batch measurement K = 0,1, ..., 15. Vertical axis is the logarithm of

mean opportunity cost. Lines with different colors correspond to different simulations
with different batch sizes B =1,2,...,5.

8.3. Comparison with Other Policies. In this section, we consider the per-
formance of NBKG in comparison to other policies. We consider the following policies:
1. Nested-Batch KG: The policy described in the paper.
2. Sequential KG: The basic, sequential KG policy as described in [11].
3. Sequential Exploration: The pure exploration policy, which chooses an
alternative uniformly at random.
4. Nested-Batch Exploration: A random NP size is selected, and then B NP
densities are selected in batch.
5. Sequential Exploitation: The pure exploitation policy, which chooses the
alternative ™ corresponding to the maximum value, max, 0.
6. Nested-Batch Exploitation: Select the batch of experiments

{(d7 p1)7 CER (d7 pB)}7

that maximizes

B
Z(d, p1,-- -, pB) = Zg?d»pi)'
=1

7. Sequential e-Greedy: A sequential policy that provides a mixture between
the pure exploration and exploitation policy. The alternative ™ selected at
time n is obtain by choosing between pure exploration with probability €™
and pure exploitation with probability (1 — €™), where € = 0.9/n.
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8. Nested-Batch e¢-Greedy: Similar to the sequential e-greedy policy, but
chooses between the nested-batch versions of exploration and exploitation
with probability €” and (1 — €™), respectively.

Figure 8a plots the mean opportunity cost for the nested-batch policies as a func-
tion of the number of batch measurements, averaged over 200 independent simulations
and plotted in log scale for clarity. We observe that NBKG outperforms all the nested-
batch policies. Also included in the figure is the opportunity cost for the sequential
KG policy. In the nested-batch setting, the sequential KG does not take advantage
of batch experiments, opting instead of performing the single experiment with largest
KG value, effectively using a batch size of B = 1. We note that NBKG outperforms
the sequential KG policy, as illustrated in Figure 7. The comparison between NBKG
and sequential KG exhibits the experimental savings to be gained in performing ex-
periments in batch mode. Figure 8b compares NBKG versus the sequential policies
in a sequential experiment setting. In this context, we equate one batch measurement
performed using the NBKG policy with B sequentially measurements for comparison.
The sequential policies are more adaptive than NBKG in this manner, as they can
incorporate information obtained from experiments one at a time, while NBKG only
updates the state of knowledge after B measurements. Nevertheless, we observe that
for a large number of measurements, NBKG outperforms all sequential policies except
for sequential KG. Between sequential and NBKG, we observe similar performance,
hinting that while NBKG has a delay in updating information, the effect of this delay
is minimal.

= Nested-Batch KG = Nested-Batch KG
05 . 0.5
= Sequential KG = Sequential KG
2 0 = Nested-Batch Explo.ratl.on 2 0 = Pure Exploration
o = Nested-Batch Exploitation o ——— Pure Exploitation
k:\ 0.4 = Nested-Batch &-Greedy : -4 ——— &-Greedy
= 4 =S
c c
2 -4 2 19
c £
2 4 2
o o
O —2.5 o -2.5
g A g 4
a5 - 3.5
0 0‘.5 1‘ l‘.5 ‘2 2.‘5 3 ) 015 ; 1‘5 ‘2 2‘.5 C; 3‘5 -13 45
log(Number of Batch Measurements) log(Number of Batch Measurements)
(a) Nested-batch experiments (b) Sequential experiments

Fig. 8: A comparison of policy performance. The graphs show mean opportunity cost
versus the number of measurement for the policies outlined above. (a) Nested-batch
experiments, in which a policy may perform several experiments in parallel, varying
NP density, provided that the NP size is the same between the parallel experiments.
Sequential policies use a batch size of B = 1. (b) Sequential experiments, in which
experiments must be performed one at a time. Here we equate 1 batch measurement
with B sequential measurements.

9. Conclusion. In this paper, motivated by several applications, we extended
the sequential ranking and selection problem into a general framework for batch-
mode learning and nested-batch-mode learning. By formulating the problem within
a dynamic programming framework, we derived the Knowledge-Gradient variants to
tackle both batch and nested-batch measurements. Since the Knowledge-Gradient
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variants require computing expectations which may be intractable, a Monte Carlo
sampling procedure was applied. We empirically demonstrate the effectiveness of
the NBKG policy on the immobilized nanoparticles design problem. We see that
NGKB is competitive with a fully sequential strategy and significantly outperforming
pure exploration, pure exploitation and e-greedy strategies for the model application
presented in this paper.
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